STABILITY OF LINE SOLITONS FOR 
THE KP-II EQUATION IN R 2 
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Abstract. We prove nonlinear stability of line soliton solutions of the KP- 
II equation with respect to transverse perturbations that are exponentially 
localized as x — > oo. We find that the amplitude of the line soliton converges 
to that of the line soliton at initial time whereas jumps of the local phase shift 
of the crest propagate in a finite speed toward y = ±00. The local amplitude 
and the phase shift of the crest of the line solitons are described by a system 
of ID wave equations with diffraction terms. 
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1. Introduction 



The KP-II equation 



(1.1) d x (d t u + dlu + 3d x (u 2 )) + 3d%u = for t > and (x, y) € M 2 , 



is a generalization to two spatial dimensions of the KdV equation 
(1.2) d t u + dlu + W x {u 2 ) = Q, 



and has been derived as a model in the study of the transverse stability of solitary 
wave solutions to the KdV equation with respect to two dimensional perturbation 
when the surface tension is weak or absent. See [17] for the derivation of (jl.ll) . 
Note that every solution of the KdV equation (|1.2I) is a planar solution of the 
KP-II equation (fl~TJ) . 

The global well-posedness of (|1.1[) in H S (M. 2 ) (s > 0) on the background of line 
solitons has been studied by Molinet, Saut and Tzvetkov [55] whose proof is based 
on the work of Bourgain [8 . For the other contributions on the Cauchy problem 
of the KP-II equation, see e.g. [12] H31 HSJ HHJ EH EH EH [38] and the references 



It is well known that the 1-soliton solution Lp c (x — 2ct) of the KdV equation (|1.2p 
is orbitally stable because tp c is a minimizer of the Hamiltonian of (|1.2j) restricted 
on the manifold {u e H^R) | \\u\\ L * = \\Vc\\l'}- See 0] and [5j El SD] for 
stability of solitary wave solutions of Hamiltonian systems. We remark that the 
KP-II equation does not fit into those standard argument because the first two 
terms of the Hamiltonian of the KP-II equation 



have the opposite sign. Recently, Mizumachi and Tzvetkov ([26]) have proved that 

tp c {x — 2ct) is orbitally stable as a solution of the KP-II equation in L 2 (M. X x T y ). 
They used the Backhand transformation to prove that L 2 (W X x T y )-stability follows 
from the instability of the 0-solution, which is an immediate consequence of the 
conservation law of the L 2 (M. X x T y )-norm. 

Unlike the perturbations which are periodic in the transverse directions, the 
perturbations in L 2 (R 2 ) does not allow phase shifts of line solitons that are uniform 
in the transverse direction. This is because the difference of any translated line 
solitons and itself has infinite L 2 (R 2 )-mass whereas the well-posedness result [29] 
tells us the perturbation to the line soliton stay in L 2 (]R 2 ) for all the time. In order 
to analyze modulation of line solitons, we express solutions around the line soliton 
as 

(i.3) u(t, x, y) = (p C ( t ,y) (z) - ipc(t,y)( x - x (t> y) + 4 + x - x i% y), y) > 

where c(t,y) and x(t,y) are the local amplitude and the local phase shift of the 
modulating line soliton, v is a remainder part which is expected to behave like an 
oscillating tail and ipc(t,y) is an auxiliary function so that 



therein. 
Let 





(*) x , y)) dxdy 




(1.4) 




for any t > 0, 
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Eq. (|1.4[) means that if the line soliton is locally amplified, then small waves are 
emitted from the rear of the line soliton. By introducing the auxiliary function 
"0c(t,a): we have v(t) £ L 2 (R 2 ) for every t > and we are able to show that the 
L 2 -norm of v is almost conserved. We find that local modulations of the amplitude 
and phase shift can be described by a system of 1-dimensional wave equations with 
diffraction (viscous damping) terms, that a modulating line soliton converges to a 
line soliton with the same height as the original soliton on any compact subset of 
R 2 (Theorem II .ip and that "jumps" of the phase shift of the modulating line soliton 
propagate toward y = ±00 along the crest of line solitons, which makes the set of 
all line soliton solutions unstable (Theorem II .2|) . 

Using geometric optics, Pedersen ([30 ) heuristically explained that the ampli- 
tude and the orientation of the crest are described by a system of the Burgers 
equation. Since both the KP-II equation and the Boussinesq equation are long 
wave models for the 3D shallow water waves, it is natural to expect the same phe- 
nomena for KP-II. We find that the first order asymptotics of d y x(t,y) and c(t,y) 
around y = ±(8co) 1 ^ 2 i + 0(y/t) are given by self-similar solutions of the Burgers 
equations as t — > 00 (Theorem II .3j) . 

Now let us introduce our results. The first result is the stability of line soliton 
solutions for exponentially localized perturbations. 

Theorem 1.1. Let cq > and a € (0, \J Cq/2). Then there exist positive con- 
stants £0 and C satisfying the following: if u(0,x) = (p Co {x — xq) + vq(x) and 
e := ||e aa: wo||L 2 (R 2 ) + \\ eUXv o\\LlLl + II w o||l 2 (r 2 ) < £ o, then there exist ^-functions 
c(t, y) and x(t, y) such that for t > 0, 

(1.5) \\u(t,x, y) - <p c (t,y){x - x(t,y))\\ L 2 (R2) < Ce , 

(1.6) sup(|c(t, y) - co| + \x y (t, y)\)< Ce(l + ty 1 ' 2 , 

(1.7) \\x t {t,-)~2c{t,-)\\ L ,<Ce{l + tyV\ 

(1.8) \\e ax (u(t,x + x(t,y),y) - <p c ^ y) (x))\\ L2 < Ce(l + i)~ 3/4 . 

Remark 1.1. The KP-II equation has no localized solitary waves (see [5]). On the 
other hand, the KP-I equation has stable localized solitary waves (see [35]) and 
line solitons of the KP-I equation are unstable ( [531 IM1 

The KP-II equation (|1.1[) is invariant under a change of variables 

(1.9) x M> x + ky — 3k 2 t + 7 and y M> y — 6kt for any k, 7 € R, 
and has a 3-parameter family of line soliton solutions 

A = {tp c {x + ky- (2c + 3k 2 )t + 7)|c>0,£;,7eIR}. 

The set of all 1-soliton solutions of KdV or line soliton solutions of KP-II under 
the y-periodic boundary conditions are known to be stable in L 2 (R 2 ) (see [23].[26|). 
However the set A is not large enough to be stable for the flow generated by KP-II 
in L 2 (R 2 ). 

Theorem 1.2. Let cq > 0. There exists a positive constant C such that for any 
e > ; there exists a solution of (|1.1|) such that ||u(0, x, y) — </? Co (a;)||^2 < e and 

liminf t~ x/i \\u(t,x,y) - ( f c Co (x)|| L 2 (R 2) > Ce . 

t— Yoo 
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Remark 1.2. If (0,7) 7^ (co,0), then \\u(t,x,y) — (p c (x — 7)||i,2(b 2 ) = 00 thanks to 
the well-posedness result ([29]). Thus the orbital instability 

liminf £ -1 / 4 inf \\u(t, •) — w|| i 2 (R 2) > Ce 

t— yoo VGA 

follows immediately from Theorem II .21 

Orbital instability is a consequence of finite speed propagations of local phase 
shifts along the crest of the modulating line soliton. We find that c(t, y) and 
d y x(t, y) behave like a self-similar solution of the Burgers equation around y — 

Theorem 1.3. Let cq = 2 and let vq and e be the same as in Theorem \l.l[ Then 
for any R > 0, 



c(t,-)\_(2 2\ (u+(t,y + 4t) 
x v (t,-)J \l -l) \u- B (t,y-tt) 



= o(t-V4) 

L 2 (\y±it\<RVt) 



as < — > 00, where are self similar solutions of the Burgers equation 

d t u = 2d 2 u ± 4:d y (u 2 ) 



such that 

«!(*, V) = oh + ±m ff V) { w , . H t (y) = (4*i)-VW/« 
2(l + m± J Q H 2t {yi)dy 1 ) 

and that m± are constants satisfying 

u%{t,y)dy= \ [ c(0,y)dy + O(e 2 ). 

Now we recall known results on stability of planar traveling wave solutions. Sta- 
bility of planar traveling waves in L 2 (R n ) (n > 2) were studied for reaction diffusion 
equations by Xin ([41]), Levermore and Xin ([21]) and Kapitula ([IB]). Stability of 
kink solutions of Hamiltonian systems has been studied for 3-dimensional </) 4 -modcl 
by Cuccagna ([9]). 

The difficulty of those problems is that the spectrum of the linearized operator 
C around planar traveling waves has continuous spectrum converging to whereas 
in the case where n = 1, we see that is an isolated eigenvalue of the linearized 
operator around the traveling wave solution and all the rest of the spectrum is in 
the left half plane and away from the imaginary axis. When n > 2, the paper 
[41] tells us that the semigroup generated by the linearized operator decays to 
zero like t - (™ -1 )/ 4 . This corresponds to the relation between our results and the 
asymptotic stability result for the KdV equation by Pego and Weinstein ([32]) where 
the spectrum of the linearized operator in L 2 (K; e 2ax dx) consists of the isolated 
eigenvalue and a c satisfying a c C {A € C | 5RA < —6} for some b > 0. By 
measuring the size of perturbations with an exponentially weighted norm biased 
in the direction of motion, one obtains that exponential decay of the oscillating 
tail of the solution for both KdV and KP-II and that leads to exponential stability 
of the KdV 1-soliton. However, thanks to the tranverse direction, the linearized 
operator around a line soliton of the KP-II equation has two branches of continuous 
spectrum all the way up to in L 2 (M 2 ; e ax dxdy) with a > 0. We remark that those 
resonant modes are exponentially growing as x — >• —00 (see Lemma T2.ip and that 
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the corresponding continuous spectrum does not show up when we consider L 2 (Bi- 
linear stability of the line soliton. We refer the readers e.g. [HE] for linear stability 
of solitary waves and cnoidal waves to transverse perturbations. 

Since the transverse direction is 1-dimensional, the rate of decay of \\dy c(t, -)||l 2 
and \\dy +1 x(t, Olli 2 is at most 4 _ ( 2fc + 1 )/ 4 and the nonlinearity of the modulation 
equations is quadratic, it was fortunate that they have the similar structure as the 
Burgers equations. Indeed, there are ID-heat equations with quadratic nonlinearity 
whose solutions may not exist global in time QlOj). 

Our plan of the present paper is as follows. In Section [21 we obtain explicit 
formula of resonant modes of C and £*, where £ is a linearized operator of the 
KP-II equation around the line soliton tp(x — At) by using the linearized Miura 
transformations. As is well known, the Miura transformations connect line solitons 
and the null solution of the KP-II equation with kink solutions of the modified KP-II 
equation and all the slowly decaying eigenmodes of the linearized equation dtu = Cu 
can be found by investigating the kernel and the cokernel of the linearized Miura 
transformation. We find two branches of (resonant) eigenmodes {g(x, ±r])e lyri } of 
C such that g{x,rj) € L 2 (R; e 2ax dx) for a a > and r/ e (— v7*,?7*), where 77* is 
a positive number depending on a. In Section [3J we prove that solutions which 
are orthogonal to resonant modes of C* decay exponentially in L 2 (M 2 ; e 2ax dxdy) 
like solutions of the linearized KP-II equation around the null solution by using a 
bijection composed of the linearized Miura transformations by using an idea of |25| . 
In Section IH we collect linear estimates of ID damped wave equations which shall 
be used to analyze modulation equations of line solitons. In Section [5j we fix the 
decomposition (|1.3j) by imposing that v(t) is orthogonal to secular resonant modes 
of C* . In Section [5] we derive modulation equations on c(t, y) and x(t, y) from 
the non-secular conditions introduced in Section [5j Since the KP equations are 
anisotropic in x and y, the resonant eigenfunctions cannot be written in the form 
{g(x)e lyv | 77 € K} as in the case for reaction diffusion equations (PS IS]) or the </> 4 
model ([.9,). Moreover, the resonant eigenfunctions grow like g(x,rj) ~ e v I 31 '/ 2 as 
x —00. For this reason, we work on exponentially weighted space X and impose 
the non-secular conditions only for small 77. To rewrite modulation equations of 
c(t, y) and x(t, y) in a PDE form, we compute the time derivative of the non-secular 
condition, take the inverse Fourier transform of the resulting equation. Although 
the modulation equations are non-local due to the ry-dependence of the resonant 
modes g(x,rj), the dominant part of the modulation equations are damped wave 
equations. Indeed, the modulation equations for the line soliton tp Co (x — 2cot) with 
Co = 2 are approximately 

<-> ft)=( 2 -^ 8 i)a) + ( 3 ,^-v)' 

where jti 3 = 1/2 + tt 2 /24 and b(t,y) = 4/3{(c(t, y)/2f/ 2 - 1} (see (gig) for the 
precise definition) and x(t, y) = x(t, y) — At. We remark that d t x(t, y) ~ 2c(£, y) and 
b(t, y) ~ c(tj, j/)-2^0ast^oo. If we translate (|1.10[) into a system of b(t, y) and 
d y x(t, y) and diagonalize the resulting equation, then we obtain a coupled Burgers 
equations. 

In Section [7] we obtain T^U^-L 2 decay estimates on b(t,y) and d y x(t,y) pre- 
suming a decay estimate on v(t) in X := L 2 (R 2 ; e 2ax dxdy) and the i 2 -bound of 
v(t). In Section |S] we prove the L 2 -estimate of v assuming the decay estimate on 



6 



TETSU MIZUMACHI 



v(t) in X. In Section[9l we estimate the low-frequency part of v in L 2 (R 2 ; e 2ax dxdy) 
by using the semigroup estimates obtained in Section [3] We estimate the high fre- 
quency part separately in Section [TU] by using the virial type estimate to avoid the 
derivative loss. We remark that the potential term produced by the linearization 
around the line soliton is negligible to obtain time-global virial type estimates for 
the high frequency part. In Sections ITTI and H"2| we prove Theorems 11.11 and 11.21 In 
Section IT3l we prove Theorem 11.31 by using a rescaling argument by Karch (|20j). 

Using the inverse scattering method, Villarroel and Ablowitz ([51]) studied the 
Cauchy problem and stability of line solitons of the KP-II equation. However, it 
is not clear from their result that how modulations to line solitons evolve because 
they did not explain in which sense line solitons are stable. Moreover, our method 
does not rely on integrability of the equation except for the linear estimate and 
can possibly be applied to bidirectional models such as the Benney-Lukc equation 
(OH OH])- Our result is a first step toward L 2 (R 2 )-stability of planar solitary waves 
for non-integrable equations such as the generalized KP equations (see e.g. Martel- 
Merle [23] for 7J 1 -asymptotic stability of ID solitary waves for gKdV). 

Finally, let us introduce several notations. For Banach spaces V and W, let 
B(V, W) be the space of all linear continuous operators from V to W and let 
\\T\\ B (v,w) = sup|| x || v=1 ||T«||w for T G B(V, W). We abbreviate B(V, V) as B{V). 
For / G S(R n ) and m G «S'(R n ), let 

(-77X0 = f(0 = (^r n/2 I f(x)e-^ dx , 
(J- 1 /)^) = /» = H-x) , (m(D x )f)(x) = (27r)-"/ 2 (m * f)(x) . 

We use a < b and a = 0(b) to mean that there exists a positive constant such 
that a < Cb. Various constants will be simply denoted by C and C< (i 6 N) in the 
course of the calculations. We denote (x) — \/l + x 2 for 
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2. The Miura transformation and resonant modes of the linearized 

operator 

In this section, we will find resonant eigenmodes of the linearized operator around 
line solitons and prove exponential stability of non-resonant modes in an exponen- 
tially weighted space by using the linearized Miura transformations. 

For p G [l,oo] and k G N, let Lg(R) = {v | e ax v G L P QR)} and ff*(R) = {v | 
e ax v G iJ fc (]R)} whose norms are given by 

I " 

l|w|Ug( E ) = \\e ax v\\ LP{R) , ||v||hj( K ) = H^IIl^r) 
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For any a > 0, we define the anti-derivative operator d x 1 on L± a (R) by 

/>oo 

(d^u^x) =- u(xi) dxi for u E £ 2 (R), 

J X 



(d x L u)(x) = / u(xi)dx x for u E L± a (R), 

J —oo 

The operator d~ l is bounded on L 2 (R). Indeed, it follows from Young's inequality 
that lia^Hs^py) = ||3- 1 || B(L 2_j = l/a for a > 0. 
We interpret (11.11) in the "integrated" form 

(2.1) dtu + dlu + Zd^dlu + Zdxiu 2 ) = 0, 

where d~ x dyU(x, y) = — f x d 2 u(xi, y) dx\ in the sense of distribution, that is, 

(2.2) (d- l d 2 y u >^)=~J u (xi,y) dx^j dfa(x, y) dxdy for ^ G C °°(R 2 ). 
If u is smooth and u, d y u el:= L 2 (R 2 ; e 2ax dxdy), then 

(d~ l dyU,ip)= / ( / d v u{xi,y)dxi) d y ii{x,y)dxdy . 



Eq. (|2.2I) follows from the standard definition = T 1 r/)) when a so- 

lution is exponentially localized in the x-direction. Indeed, we have (d~ l u){x,y) = 
{T- x (itY x u){x,y) = -f™u(x 1 ,y)dx 1 for u E {/ E C^(M 2 ) | J R f(x,y)dx = 
v y € R} =: S. Since B is a dense subset of In L 2 (R 2 ), we have for 
iiein L 2 (R 2 ) by taking a limit. 

We remark that (12.11) has a solution in the class 



u(t, x, y) - Vc {x - 2ct) e L% c ([0, oo); X) n C(R; L 2 (R 2 )) 
for initial data tt(0) £lfl L 2 (R 2 ) (see Appendix |EJ. 

2.1. Resonant modes. Let ip — tp 2 , u(t, x, y) — ip(x — At) + U(t, x — At, y). Lin- 
earizing (|2.ip around U = 0, we have 

(2.3) d t U = CU, CU = -dlU + Ad x U -W^dlU -&d x {LpU). 

Let C{rf)u := — d x u + Ad x u + ?>rj 2 d~ 1 u — Qd x (ipu) be the operator on L 2 (M.) with its 
domain D(C(r])) = H^(R). Since the potential of £ does not depend on y, we have 
£(u(x)e ±lvy ) = e ±lvy £(r))u(x) . We will look for resonant modes {g(x, rj)e lvv } such 
that g(-,r]) E L 2 (R) is a solution of C(r])u — Xu. 



Lemma 2.1. Let rj E R \ {0}, /?(??) = VTTrfj, X(rj) = 4iri/3(rj) and 



9(x,v) = ^-^^(e-^sechx), g*(x,n) = d x (e^ x sechx). 
277/3(77) 

TTien 

(2.4) C(r,)g( X ,±r ) ) = X(±r,)g(x,±r ] ), 

(2.5) £(r 7 r fl *(a;,±r ? ) = A(Tr?)5*(^±'7) ) 



(2.6) / g(x,r))g*(x,rj)dx = 1, / g(x,r))g*(x,-r)) dx = 
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Lemma 12.11 will be proved in Subsection 12.21 

To resolve the singularity of g{x,rj) and the degeneracy of g*(x,rj) at n = 0, we 
decompose resonant modes and adjoint resonant modes into their real parts and 
imaginary parts. Let 

9i( x ,v) = g(x,v) + g(x,-v) , 92{x,rf} = ir){g{x,r)) - g{x,-rf)} , 

1 i 
9*(x,v) = ^{g*(x,ri) + g*(x,-rj)}, g%(x,r)) = —{g*{x,r])-g*(x 1 -ri)}. 

Then we have the following. 
Lemma 2.2. 



9jfa V)g* k {x, Tj) dx = s jk for j, k=l,2. 



£(v)gi(x,v) = ^Hv)gi(x,v) + — ^-^(x,^) , 

v 

£{ri)92{x,rj) = -rfS\{ri)gi{x,rj) + $t\(r})g 2 (x, rj) 

^(v)*g*i(x,v) = ^Hv)g*i(x,v) - v^Hv)92( x >v) , 

£(r,)*g* 2 (x,r,) = ^^-9i{x,V) + 3&(v)9fa,V)- 



Proof. Lemma |2~21 follows immediately from Lemma \2 . 1 1 since X(rj) = A(— rj), 

g(x,v) = g(x,-ri) and g* ( x > v) = 9*(x,-v)- a 

We remark that C(0) coincides with the linearized operator of the KdV equation 
around the 1-soliton ip(x—4&) and that gk(x, 0) € ker 9 (£(0)), g* k (x, 0) € ker g (£(0)*) 
for k — 1 and 2. 

Claim 2.1. Let a G (0, 2) and v(r\) = §t/3(rf) — 1. Let rjo be a positive number such 
that v := v(rjo) < a. Then for ij E [ — 770, r]o], 

gi(x,r)) = ^'+j<p' + ^<P + 0{ri 2 ), g 2 {x,ri) = -^ v ' + 0(r) 2 ) in L 2 (R), 
gt(x,r)) = ^ + 0(r) 2 ), g* 2 {x,rf) =J d e <pdx + 0(r?) m L 2 _ a (R), 
where d c (p = d c ip c \ c=2 - 

Proof. Since g%(x, rj) and g2(x,rj) are even in rj, 

1 { ( e~^ )x e~ /3< -~ r >'> x \ 



-d s — 1=- sech x 
\ ^ 



+ 0(r? 2 ) 

8=1 



and 



4 V + 5^ + °(»r) > 

52 (x, 77) = (e^sechx)^ + 0(?/ 2 ) = --<p' + <3(r/ 2 ). 



We can compute g>* (a;, 77) and g^ix^n) in the same way. □ 
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2.2. Linearized Miura transformation. Now we recall the Miura transforma- 
tion of the KP-II equation. Let 

Af|(«) = ±d x v + d^dyv - v 2 + ~ . 

The transformations M£ relate the KP-II equation to the mKP-II equation (mKP- 
II) which reads 

(2.7) d t v + dlv + W^dlv - 6v 2 d x v + Qd^vd^dyV = 0. 

Formally, if v(t,x,y) is a solution of (|2.7[) and c > 0, then M±(v)(t, x — 3ct,y) are 
solutions of the KP-II equation (jl.ip . A line soliton solution ip c (x — 2d) of the 
KP-II equation is related to a kink solution Q c (x + ct) of (|2.7I) . where Q c (x) = 

^/J tanh ^^/J a: J • Indeed, we have 

(2.8) MZ(Q c )=cp c , M1(Q C )=0. 

From now on, let c = 2, Q = Q 2 and M± = M|. Let v(t, x, y) = Q(x + 2t) + 
V(t, x + 2t, y) and linearize (f2T7) around V = 0. Then 

(2.9) ftV = C M V, 

C m V := - d x V - 2d x V - Zd^dlV + 6d x (Q 2 V) ~ GQ'd^dyV 

= - dlV + id x V - id^d^V - 6d x (Q'V) - QQ'd^dyV . 

In the last line, we use Q' = 1 — Q 2 . Let Xm be the Banach space equipped with 
the norm |H|x M := (IMIx + ll^^llx + ll<%r 1 <5?HI x) 1 ^ 2 - Thanks to the smoothing 
effect of Cq in X (see Lemma 13.41 in Section [3]) , the initial value problem 

d t v = £ M v , u(0) = v 

has a unique solution in the class C([0, oo); Xm)- 

Solutions of (|2.3p are related to those of (|2.9p by the linearized Miura transfor- 
mation 

(2.10) u = VM + {Q)v = d x v + d x l d y v - 2Qv. 
Another linearized Miura transformation 

(2.11) u = VM-(Q)v = -d x v + d x x dyv - 2Qv 
maps solutions of (|2.9p to those of the linearized KP-II around 

(2.12) d t u + dlu-Ad x u + 3d x 1 d 2 u = 0. 

Lemma 2.3. Suppose that v is a solution to (|2.9[) . Then u = V M+(Q)v satisfies 
(|2~3|) and u = VM_(Q)i) satisfies (|2~T2"j) . 

Proof of Lemma \2.S\ By a straightforward computation, we find that 

(2.13) £VM+(Q) = VM+(Q)C M , £ VM_(Q) = VM_(Q)£ M ■ 
Let tt ± = VM±(Q)«, Then it follows from (1233]) that 

<9fU + - £u + =V M + {Q){d t v - Cmv) , 

<9 t w_ - Cqu- =VM-(Q)(d t v - Cmv) ■ 

Therefore u + and u_ are solutions of (|2.3[) and (|2.12l) . respectively, if w is a solution 
to (|2.9p . Thus we complete the proof. □ 

Lemma 2.4. Lei a > and i>(i) € C([0, oo); Xm) &e a solution to (|2.9p . 
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(1) Suppose that u(t) € C([0,oo); X) is a solution to (|2.3p satisfying it(0) 
VM + (Q)v(0). Then u{t) = VM+(Q)v(t) holds for every t > 0. 

(2) Suppose that u(t) g C([0,oo); X) is a solution to (|2.12p satisfying it(0) 
VM_(g)w(0). Then u(t) = VM_(Q)v{t) holds for every t > 0. 



Proof. Let u{t) = VM + (Q)?)(t). Then G <7([0,oo);X). Moreover, Lemma[ 
implies that u(t) is a solution of (|2.3I) . Since u(0) = u(0) and both and w(i) 
are solutions of ()2.3j) in the class C([0, oo); X), we have u(t) = u(t). Thus we 
prove (i) . We can prove (ii) in exactly the same way. This completes the proof of 
Lemma l2~4l □ 



Let 

C M (v)v ■= ~d*v + 4d x v + 'Srfd-hi - 6d x (Q'v) - QirjQ'd^v . 
Then £M(v(x)e lr,v ) = e zr,v Cm(v) v ( x ) an d Cm{v) nas the following resonant modes. 
Lemma 2.5. Let r\ € M. and 

g M {x,r}) = —J^dxie-PW* sechx) , g* M {x,n) = e ^~ v)x sechx . 

TTien 

(2-14) Cm(v)9m(x,i]) = X(r/)g M (x,n) , 

(2-15) C m {v)*9*m{x,v) = K~v)9*m(x,v) , 



(2.16) / g M {x,rj)g* M (x,ri) dx = 1 . 

The eigenvalue problem Cu = Xu is related to the eigenvalue problem Cmv — Xv 
via (|2.13|) . Before we prove Lemmas 12.11 and 12. 51 we will investigate the kernel and 
the cokernel of bounded operators Ai±(rj) : H^(R) — > defined by 

poo 

M±( V )g{x) := ±g'(x) - i V / g(t) dt - 2Q(x)g{x) . 



Lemma 2.6. Let a G (0,2) and r/Q be a positive number satisfying a > v$. Then 
ker(A^_(?7)) = span{g M (-, 77)} and Range(jM_(?j)) = L 2 a (M). Moreover, for any 
rj € [—r/o,r]o] and f G L„(R), there exists a unique solution v G fl*(M) of 

(2-17) M-(r))v = f, 



that satisfies L v{x)g* M (x, r/) dx — 0. Moreover, 

C 

\\v\\hIQH) + I'jIII^^IUkr) < a _ , J I/IU|(K) , 
where C is a constant depending only on a. 

Lemma 2.7. Let a G (0,2) and rjo be a positive number satisfying a > vq. If 
rj G [— T]o,T)o], then ker(A^ + (ry) = {0} and Range(A^ + (r/)) = - 1 span{g* (x, — n)}. 
Moreover, for any f G L^(R) satisfying J R f(x)g* (x, —r/) dx = 0, there exists a 
unique solution v G H^(M) of 

(2.18) M+(r,)v = f, 
satisfying 

(2.19) Nkw + Nll^lk^cii/iUj, 
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where C is a constant depending only on a. If f satisfies L f(x)g* (x,r]) dx = in 
addition, then J R v{x)g* M {x, if) dx = 0. 

Proof of Lemma UTR Suppose v € ker(A / J-(r/)). Then v £ -ffa(K) and 

(2.20) - v" + inv - 2{Qv)' = 0. 
Eq. (|2.20p has a fundamental system {gi , g 2 }, where 

gi(x) = (e-^ v)x sechx^j , g 2 {x) = (e^ r ' ]x sechx) . 

Since 1 < Rf3(p) < $t/3(r) ) and 

(2.21) gi {x) ~ e~ {l3{r i ]±1)x and g 2 {x) ~ e (/3( " )=Fl);r as x -> ±00, 

it follows that <?i € -ffd(R) and 92 ^ ^i(^) and that w(a;) = a^i(a;) for an a. Thus 
we prove ker(Ai-(r])) = span{gM{-,i])}- 

Suppose v e Hl(M) is a solution of (|2.17[) . Then v satisfies an ODE 

(2.22) -v" +ir)v-2(Qv)' = /'. 
By the variation of the constants formula, 

v(x)=gi(x)J w{() dt-g 2 (x)J w{f) dt 

=h(x) J k[(t)f(t)dt + g 2 (x) J k' 2 (t)f(t)dt, 

where W(t) = gi{t)g' 2 {t) - g[{t)h(t) = -2ir)P(v) sech 2 t, 

<? 2 (t) _ e^'^^coshf-sinht) 



fci(t) 
fca(t) 



<h(i) e- /3 ^ t ( J S(77)cosht + sinhf) 



W(i) 2^/3(77) 
k[(t) = (2/3(7 ? ))- 1 e /3 ^*cosht and fc 2 (i) = -(2f3(r)))- 1 e-^ t coshi. Now let 
(2.23) v(x)=ag l (x)+T 1 (f)+T 2 (f), 

poo pOO 

T 1 (f) = -g 1 (x) k[(t)f(t)dt, T 2 (f) = -g 2 (x) k' 2 (t)f(t)dt, 



where a is a constant to be chosen later. Since sech x cosh t < e* x for < 6 [x, 00) 
and 1/(77) < ^0 for ?? € [-770, 7/0], 

lfli(sB)*i(*)l ^e" ^ ift>x. 
Using Young's inequality and the above, we have 



l|ri(/)lk( R ) 



< 



^(•?)(*-«)|/(t)|dt 



<\\e-^-^% H o !0o) \\f\\ Ll[R) < _^_||/|| L j ( 



a - i/ 
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where Co is a constant independent of 770 and / G i^(M). Using the fact that 
< coshisecha; < e*~ x if x < t and that v(jj) > 0, we have 



\T2(f)\\Ll(R) 



< 



OO 



>\f(t)\dt 

<||e-C"+ I '^) t |U H o 50o) ||/|U 2 ( K) < C x \\f\\ Lim , 
where C\ is a constant independent of r/o and / G L 2 (R). Since 

gi{x)g* M (x, rj) dx = — I sech 2 x((3(rj) — tanhx) dx = — 2(3(r]) =^ , 



there exists a unique a such that J v(x)g*(x, rf) dx = 0. Since L^(M) 3 f M> 
^M/) G ^a(^) are continuous, a = a(/) is also continuous in /. Thus we prove 
that there exists a constant C2 such that 

(2-24) IMk( R ) < C 2 \\f\\ L l(R } 

for every rj G [-770 , i»] \ {0} and / G 

Differentiating (|2.23l) with respect to x, we have 



v'(x)=ag[(x)-f(x)-g[(x) k' x {t)f{t)dt-~g' 2 {x) k' 2 {t)f{t) dt . 

J X J X 

We can prove 

(2-25) \\v'{x)\\ Lim < -^-||/|| L2(K) , 

a — 

in the same way as (I2.24[) , where C3 is a positive constant independent of 770 and 
/ G Ll(R). Combining (|2~24l) and (f2T25|) with ([2~T7| . we have 

MH^^IIl^m) <||w'||l2(r) + 2||Qv|| L 2 (R) + ||/||l2 (m) < ||/||l?(r) , 

a — ^0 

where C4 is a positive constant independent of 770 and / G L\ (R) . Thus we complete 
the proof. □ 

Proof of Lemma \2. 7[ First, we will show that ker (M. + {rj)*) = span-j^^)}- Since 
M-(r)) is formally an adjoint of M + (rj), we easily see that h G ker(.M^(?7)) C 
L 2 _ a (K) is a solution of fl2.22|) and that h(x) = ag 2 {x) = ag*(x, —rj) for an a G C. 
Since ker (M+(r/)*) = spa.n{g 2 {x)} , we have Range(.M + (?7)) C ^ sp&n{g*(x, —77)}. 
Next we will show that ker((M+(ri)) = {0}. Suppose M+{fj)h = 0. Then 

(2.26) h" - 2{Qh)' + ir/h = 0. 

Eq. (|2.26|) has a fundamental system {hi(x), Ii2(x)}, where 

h^x) =e /3( ~" )2; cosha;, h 2 (x) = e'^'^ coshx . 

Since 

(2.27) hi(x) ^ e (/3( -" )±1)x , fta(x) - eC-ft-^)* as^ioo, 

it is clear that h G W if an d onr y if = 0. Thus we prove ker {M + {rj)) = {0}. 

Secondly, we will show that Range (M + (r/)) — ^ span{g*(x, —r/)}. Suppose that 
v G ffi(R) is a solution of (j2~T8l) . Then 

(2.28) v" - 2(Qvg)' + irjv = f . 
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By the variation of constants formula, we can find the following solution of (|2.28|) . 
(2-29) v(x)=T 3 (f) + T A (f), 

e^-v)* cosh x f°° 



(2.30) 



Uf) :-- 



2j3(- V ) 
e^"^ cosh a; f x 



Since cosh a; sech i < e'^ - *' we have 



(e-^-ri* secht) f(t)dt, 
(e^-^secht) f(t)dt. 



\\T 3 (f)\\Ll(M) 



< 



\f{t)\dt 



<\\e- {a+v{ -^ ] %LHo,oo)\\f\\Li m < Ci\\f\\ Lli 



where C\ is a constant depending only on a. If J R f(x)g*(x, —i]) dx = 0, then T^(f) 
can be rewritten as 



(2.31) 



Uf) = - 



e -?(-ri)x coshx foo 



(e^-^secht) f(t)dt. 



Using ([230]) for x > and (|23T|) for x < and the fact that cosh a; sech/j <2e-\ x - t \ 
for t satisfying \t\ > \x\, we have 



II^IOU^R) 



< 



; (o- 1 /(-,))(x-t) e ot|y^|^ 



<C2\\f\\L'l 



where Ci is a constant depending only on a. Thus we prove that (|2~T8l> has a unique 
solution v € L 2 (M.). We can prove (|2.19l) in the same way as Lemma [ 



Suppose / satisfies J R f(x)g*(x, ±77) dx — 0, then it follows from (|2.35|) and (|2.18|) 
that 



2ir] / v{x)g* M {x,rj) dx = 
Jr 

= - [ f(x)g*(x, V ) = 0. 
JR 



M. + (r))v{x)g* (x, rj) dx 



Thus we have J R v{x)g* M {x, rf) dx = for 77 g [— r/o,r/o] \ {0}- This completes the 
proof of Lemma l2~7l □ 



Now we are in position to prove Lemmas 12.11 and 12.51 

Proof of Lemmas \2.1\ and \2.5\ First, we will show that V M + (Q)gM{x,r])e l ' nv are 
the resonant eigenmodes of C and that VM_(Q)((7m(ie, rj)e tny ) = by using (|2. 13|) . 

Let £o(r])u := —d^u + Ad x u + ?>r] 2 d~ 1 u be the operator on L 2 (M.) with its domain 
D(C (rj)) = H*{R). By the definition of £(77) andA4 ± (?7), we have C (u(x)e ±lriy ) = 
e ±ir >y C (r])u{x) and 



VM ± (Q)(g{ X y™) = {M±{ri)g){x)e i 
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In view of ([2~T3|) . 

(2.32) £( v )M + ( V )=M + ( V )£m(v), 

(2.33) C ( V )M^) = M_(r?)£ M (r?) ■ 

By a simple computation, we find 

(2.34) M+(r})gM(x,r)) =-2ir)g(x,r)), M-(f])g M (x, rj) = . 
Combining (|2.33|) and (|2.34p . we have 

M-(ri)£ M (ri)g M (x,v) = £Q(ri)M-(rj)g M (x,rj) =0. 

Since gM(x,rj) e H^(R) for an a € (^(77), 2), we have £m(^)5m(^, ??) £ and 
Cm{v)9m{x,ii) G ker7\4_(^). Lemma l2~6l implies that there exists a A(^) e C such 
that C m (v)9m(x,t]) = X(r/)g M (x,r]). Since g M (x,r/) ~ e _(1+,3( ' )));l: as x -> 00, we 
see that 

3t? 2 

Afa) =(1 + Z^)) 3 - 4(1 + /%)) - 1+ ' = 4^/3(77) . 
Thus we prove (f2~T4|) . It follows from (f2~l"4"l) . ([2~32]l and (|2~34"1) that 

£(r))g(x, rj) =—M + {rj)C M (v)9m (x, rj) 

=-F, — M+(r))g M {x,r)) = \{ri)g{x,r}) , 
2r/ 



and £(77)5(2;, -77) = C(r))g(x, 77) = A(-r/)g(x, -77). 

Using the fact that d x C(rj)* = —C(—rj)d x (formally) and ip is even, we can easily 
confirm (|2.5[) . Since (^(x, 77) is a solution of (|2.20p and 

g*(x,rj) = -2/3(-ri)gM{-x,-r)) , Q(-x) = -Q(x) , 

we have d x g*{x, rj) + 2d x (Q(x)g* (x, 77)) + irjg*(x, 77) = 0. Combining the above with 
g*(x,rj) = d x g* M (x,rj), we have 



M+(r7)VM=-^*(z,r,-)+;r7 / ,/(/.,,),// - 2( >(,■).„' i,-. ,,) 
=2ii 1 g* M (x,rj) . 



By (HSU), 

(2.36) M+(r7)*£(r7)* = C M {vT M+^T . 

Eq. igUH follows immediately from ([23]), ([235]) and (j2"3rJ)) . 
Next, we will prove (I2.16[) . By integration by parts, 

J ' 9M(x,r))g* M (x,r)) dx J (P(v) + tanhx) sech 2 xdx = 1 . 
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Finally, we will prove (|2l)]l . By $TM$ and ([235]) . 



2ir] / g(x,r])g*(x,r])dx = - / M+(rj)g M (x,r])g* (x,r)) dx 



g M {x,ri)M* + g*{x, 77) cte 



=2irj / g M {x,rf)g* M {x,ri)dx = 2irj. 
Jr 

Thus we prove (|2.6[) for 77 7^ 0. □ 
If 77 is large, the operators M.±(r\) : -ffa(R) — > La(R) have bounded inverse. 

Lemma 2.8. Suppose a G (0, 2), 77 > and ^(77) > a. 

(1) for every f G L^(R), £/iere exists a unique solution w+ of (|2.17[) satisfying 

C 

( 2 -37) ||w + || ff i (R) + MII^T ^IIl^r) < — — 11/11 L 2 (R) , 

where C is a constant depending only on a. 

(2) For every f G L^(R), there exists a unique solution w_ of (|2.18[) satisfying 

C 

(2-38) IMIffi(R) + MII^u-Hl^r) < _J |/|U|(E) , 

where C is a constant depending only on a. 

Proof of LemmaUTR If v{rj) > a > 0, then (|2~2T]) and (j2~27l) imply kei(M±{n)) = 
{0} and that (|2.17l) and (I2.18P have at most one solution. 
First we prove ([I]). Let 

/x />oo 
k[{t)f{t)dt + g 2 {x) / k' 2 (t)dt. 
-OO -/ X 

Then is a solution of (I2T71) . Since |gi(x)fci(i)| + I^OO^'iC*)! < e^ 7 ^-*) if 
x > t and |52(aO fc 2WI + I^O)/^)] < e^K 35 "*) if x < t, we have 

\v + (x)\ + \d x v + (x)\< ( e -"fo)l-*l|/(i)|dt. 



Using Young's inequality, we have 

||«+IU S (R) + l|9x«|Uj(M) < l|e- M?)) - a)|a;| || L1 ( R )||/|| L 2 (R) < (i/fa) - a)- x \\f\\ Lim . 

Thus we can prove (|2.37[) in the same way as the proof of Lemma 12.61 

Now we prove ©. Let u_ = T 3 (/) +T 4 (/). Obviously, w_ is a solution of (pTTgj) 
satisfying 

\v.(x)\+\d x v.(x)\< [ e-^ x -^\f(t)\dt. 



Thus we can prove (|2.38[) in the same way as (|2.37[) . This completes the proof of 
Lemma EH □ 



Using Lemmas l2.6U2.7l and l2.81 we will investigate the spectrum a(C(rj)) of C(rf). 

Lemma 2.9. Let a G (0,2) and 77* be a positive number satisfying v(rj*) = a. 

(1) If rj G (— ?7*, ?7*), £/ie?i £(77) /ias no eigenvalue other than A(±?7) and 

a{C{r,)) = {A(±v>)} U {ip(t + ia, rf) \ £ G K} . 

(2) J/jjeRXI-jjw.jfc], ttc» £ r(r(» J ))={ip(^ + io,» J )U€R}. 
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Proof of Lemma \2.9l The equation v(rf) = a has a unique positive root 77* because 
7/(77) is monotone increasing for 77 > 0, v(0) — and 1/(00) = 00. 

Since A — C(rj) and A — Cq(t}) are invertible for large A > and (A — £(r/)) _1 — 
(A — Co(ri)) _1 is compact, it follows from the Weyl essential spectrum theorem that 
*(C(ji)) \ o- p (jC(t])) = M£ +ia) U e K}. 

Suppose that rj G (—77*, 77*) and that C{rj)u = Xu for some u G H^(M) and 
AeC\{A(±7/)}. Then 



(2.39) J u(x)g*(x,±rf)dx = 0. 
Indeed, it follows from Lemma \2. II that 

(A — A(±?7) ) / u(x)g* (x, ±77) dx = / {Xu(x) — (C(rj)u)(x)}g*(x, ±rj)dx = 0. 

JR JR 

Lemma l2~7l implies that there exists a solution tj G H^(M) of u = ^+(77)7; satisfying 
J,,#m(i,# = 0. By Q, 

X + (t7)(£ m (77)t; - A«) =(£(r?) - X)M + (rj)v 
=C(r/)u — Xu = . 

Since ker(.M+(77)) = {0}, it follows that Cm(v) v = Using (|2.33[) . we have 

(2.40) {L {ri)-X)M-{r,)v = M-{r,){LM{ri)v-Xv)=Q, 

whence M.-(rj)v — because (|2.40|) implies that the support of J r x (M.-(ri)v)(^) is 
contained in {£ G R | £ 4 + 4£ 2 + «A£ — rj 2 =0}. Lemma |2"1)1 implies there exists an 
a G C such that v(x) = agM(x,r]) and hence it follows from (|2.34[) that 

u(x) — A4 + (rf)v = —2iar\g(x,r\) . 

By Lemma O and ([2~M| , 



u(x)g* (x, 77) dx = —2iarj = , 

whence u — 0. Thus we prove (1). 

Suppose 77 G K \ [— erja*,77*] and that £zi = Xu for some u G H^(M.) and A G C. 
Lemma \2~E\ implies that there exists 7; G H^(M) satisfying u = AA+(r])v and we can 
prove that A4-(r/)v = in the same way as the proof of (1). Since M.-{rf) has the 
bounded inverse, it follows that v = and u = M + (ri)v = 0. Thus we complete 
the proof. □ 



3. Semigroup estimates for the linearized KP-II equation 

In this section, we will prove exponential decay estimates of solutions to (12. 3[) . 
To begin with, we define a spectral projection to low frequency resonant modes. 
Let -Po^o) be an operator defined by 

1 f Vo 

Po(Vo)f{x,y) = ^- V / a k (r])g k (x,ri)e im dri, 

Z7T k=l,2 J -rio 
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M-»oo 



M 



a k(v) = / ,1™ / f(xi,Vi)e lVlV dy x \gl(x 1 ,r])dx 



-M 



2tt / {J r v f)(x,n)g* k (x,n)dx. 
Jm 

We will show that Po(^o) is a spectral projection on X = L 2 (R 2 ; e 2ax dxdy). 

Lemma 3.1. Let a G (0,2) and 771 be a positive constant satisfying v{rji) < a. If 
m G [-771,771], then 

(1) \\Po(r]o)f\\x + \\Po(r]o)dxf\\x < C\\f\\x for any / el, where C is a positive 
constant depending only on a and rji, 

(2) \\P (m)f\\x + \\Po(Vo)d x f\\x < C\\e ax f\\ L i L 2 for any e ax f G L\L\, where 
C is a positive constant depending only on a and rji, 

(3) £P (vo)f = P(vo)Cf for any f G D(C) = {u \ u , 8 3 x u , d^d^u G X}, 

(4) P (77 ) 2 = P ( Vo ) on X, 

(5) e tc P (vo) = Po(vo)e tc on X . 

Proof. First, we will show ([TJ. Since C^°(R)(8)C^°(]R) is dense in X, we may assume 
/ G Cg°(R) (g) C^°(]R). Let 

1 p° 

fk(x,y) = — a k (i 1 )g k (x,r])e lyr, dri for k = 1, 2. 
By Plancherel's theorem, 

ll/fc(^.2/)IUj ( J \ a k{v)9k(x,r])\ dn) 



1 



<^= sup |.9fc(a;,77)| ( / |a fe (?7)| 2 dn 



27T I7e[— 170,170] V-/-170 

If 1^(771 ) < a, then it follows from the definition of g k and g k that there exists a 
positive constant C" such that for 77 G [—771, 771] and 

< C'{x)e- 2 *+e^>- , | 52 (x, 77)! < C'e^e?™*- , 
|^(x,r7)| < C'e^^+e" 2 *- , |<7 2 * 77) | < C^e^^e" 2 *" , 

where cc± = max(±x , 0) and C is a constant depending only 771. Hence it follows 
from and flOJ) that 

||Po(r7o)/|U < E IHIMI - £,2 ( r b) II (B x ) 
fe=l,2 

(3.3) ... 

<Ci \J_ (|ai(77)| 2 + |a 2 (77)| 2 )d77 

where Ci is a constant depending only on a and 771 . Using the Schwarz inequality 
and (|3.2p , we have for 77 € [—770,770], 



I »*(»?) I <v27r||(J" y /)(a;, 77)11^(^)11^(0:, 77)!]^ ^^) < C 2 \\(J r v f){x,Ti)\\r^ {Kx ) , 
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where C2 is a constant depending only on a and 771. Hence it follows that for any 

/e^)®Cg°(R), 



\Po(v)f\\x <C,C 2 (1"° \\T y f(x, v)\\h M d V 



1/2 



' -no 

=CiC 2 ||/||x. 

We can prove \\Po(v)dxf\\x < \\f\\x in exactly the same way. 

Next we will prove ©. Using Minkowski's inequality and applying (|3.2p and 
Plancherel's theorem to the resulting equation, we have 



ri.i- 



<V^ sup |e— ^(i,*;)! / e«||(^/)(a:, Oll^-*,,*,) dx 

Substituting the above into (|3.3[) . we have H-PoM/H x \\ eax fWhl^- We can prove 
||-fb(»7)<W1U ~ ll^/IUi^ in exactly the same way. 

Since the potential of C is independent of y, it suffices to show ([3j) for / e 
D(£)nl, where X = {/ G X | (^/)(-, ?/) = o.e. 77 £ [-*,%]}• Since A(±?7) are 
isolated eigenvalue of £(77) by Lemma EH it follows from Lemmas 12. II and 12.21 that 



1 



1 

'2ttI 



(\-C)- L fd\, 



where L is the boundary of a domain D D {A(±?7) | 77 G [ — 770, t/o]} satisfying D n 
{p(r\ + ia) I 77 G M} = 0. Thus Po(r]o) equals to a spectral projection of C\ % defined 
by the Dunford integral and can be obtained by a standard argument. We 

remark that e tc is a C°-semigroup on X because Co '■= —d% + ^d x — 3d~ 1 dy is 
m-dissipative on X and C — Cq is infinitesimally small with respect to Thus we 
complete the proof of Lemma 13.11 □ 



Let < i]i < r/2 < 00 and Pi (771,772) and P2 (771, 772) be projections defined by 
Pi(r)i,r) 2 )u(x,y) = — I [ uix^y^-v^dytdr), 

P2(vi,V2) = Pi{o,m) - Po(m) ■ 

We remark that P2 (771, 772) is a projection onto non- resonant low frequency modes 
and that ||P2(?7i, ?72) et£ ||s(X) decays exponentially as t —> 00. 

Proposition 3.2. Let a G (0,2) and 771 be a positive number satisfying 1^(771 ) < a. 
Then there exist positive constants K and b such that for any 770 G (0,771], / G X 
and t > 0, 

||e t£ P2(%,oo)/|| x <A'(77- 1 e 5RA ^) t +e- b *)||/||^. 
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Corollary 3.3. Let a and 770 be as in Lemma \3. e A Then there exist positive con- 
stants K\ and b such that for every M > 770 and f € X and t > 0, 

(3.4) \\e tC P 2 (r ] o,M)d x f\\ x < K.il + r^ 1 +t- 1 / 2 )e~ bt \\f\\ x , 

(3.5) \\e tc P 2 ( m ,M)d x f\\ x ^K^l + ^+t-^e-^We^fh^. 

To prove Proposition 13.21 we need decay estimates for the free semigroup e tCo . 

Lemma 3.4. Let a 6 (0,2). Then there exists a positive constant C such that for 
every f e Cfi°(M. 2 ) and t > 0, 



(3.6) 
(3.7) 
(3.8) 
(3.9) 
(3.10) 



lle^/llx^Ce-^-^H/llx, 
\\e tCo d x f\\x < C(l + r 1/2 )e- a(4 - a2)t ||/||x , 
\\e t£ °d-%f\\ x < Ci- 1/2 e- a(4 - Q2)t ||/||A-, 
\\e tCo d x f\\ x < C(l + i-^e-^-^He^/IU^i , 
|e t£o /llx < C(t-^ 2 +t-^ 4 )e- a ^ a2 ^\\e ax f\\ L1(R2) 



Proof. Let u(t) be a solution to (|2.12j) satisfying the initial condition u(0) = f. 
Then 



3t7 2 



u(t, t r,) = e lt ^f(^ r,) , P {t, V ) = e + 4Z--^. 

It follows from Plancherel's theorem that for every g E X, 



(3.11) 



II.9II 



A" 



e 2ax g(x, y ydxdy= / \g(£ + ia, ri)\*d£dn ■ 



Making use of (|3.11[) and the fact that 

(3.12) 3p(£ + ia, rj) = a(4 - a 2 ) + 3< 2 + iaif/^ 2 + a 2 ) 

we have for j > 0, 



d 3 x e^f\\ x < 



|e + zaPe- tap « +M ^|/(e + ^^)l 

' 3at|J| 2 \ 



L- 



<e-^~ a >« BU p(|e| + aYe 



||/(- + ia, -)||l2(b2) 



<e- a ^- a ^(l + t-^ 2 )\\f\\ x , 



and 



. e -* a *tt+ ta .'rt|/(£ + ia,» 7 )| 



(£ 2 + a 2 )^/ 2 
< e -«(4— 2 )*||/(. + iaj .)|| L2(R2) sup f ^ZL. 



L 2 



i/2 



X 
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Similarly, 



ll^/lk < 



^ + ia\^e- t ^ +ia ^\f^ + ia,r,)\ 



LI 



< -a(i-a 2 )t 



L 2 



||/(- + ia, 



\L-lLf 



< e -a(4-a 2 )t (1+r (2 J + l)/4 ) || e a a;/ || 



and 



l|e t£o /ll 



x 



< 



f(£ + ia,r)) 



< -a{i-a 2 )t 



e" 3a *« ||e~ 3at '' /(5 +Q >\\ L 2 



\f(- + ia,-)\\ 



LIL° 



<T„-a(4-a 2 )t / ',-l/2 , j.-3/4\|| „ax f II 

; (i 7 +t ' )||e /||li( R 2) 
This completes the proof of Lemma l3.4l 



□ 



Combining properties of the linearized Miura transformation and Lemma 13.41 
we will prove linear decay estimates for non-resonant modes. 

Lemma 3.5. Let a and be as in Lemma \2.9\ and let r\\ € (0, r/*) . Then there 
exists a positive constant K such that for every t > 0, r/o G [ — ?7i , 771] and f € 



(3.13) 



\\e tc P2{m,m)I\\x < Ke-< 4 - a2 »\\f\\ 



Proof. Since C£°(R) is dense in X, it suffices to prove (|3~T5)) for / e C5 (R) . 

Let u(<) = e tc P 2 { Vo ,r, )f. Since Po(?7) is a spectral projection associated with 
£ (Lemma 13.11 (O, we have Po(r]o)u(t) = for every t > 0. Let u v (t,x) — 
(F y u)(t,x,T]). Then u v (t,-) e i„(R) and J R u v (t,x)g(x,±rj) dx = for a.e. 77 e 
[ — 770, 770] • Hence it follows from Lemma [2771 that there exists v v (t,x) <E i?^(R) such 
that for t > and a.e. 77 € [— t]o,t?o]j 



Vr t {t,x)g* M (x,n)dx = 0, 

JR 

(3.14) 

(Ci|K(*)IU»(R)) 2 < \Kii)\\mjm + (MI|0*X(*)IU»(R)) a < (C 2 ||u,(t)|| 
where C\ and C2 are positive constants depending only on a and rji. Moreover, 

1 flo 



«(*) = 



/27T 



Ur,(£, a;, r\)e %m dr\ 



'la 



satisfies u{t) = V M + (Q)v{t) for every t > 0. Hence it follows from Lemma [2~4l that 
u(t) is a solution of (|2.9p satisfying. Moreover, we have for t > 0, 



(3.15) / (^)(t,x,^ / (x,7 7 )e- ,OT dx = 0. 

JR 

Integrating (I3.14p over [—770,770] and using Plancherel's theorem, we obtain 
(3-16) CWluiMx^WvmxM <C 2 \\u(t)\\ x . 



STABILITY OF LINE SOLITONS FOR KP-II 



21 



Let u(t) = VM-(Q)v(t) and u v (t,x) = {F y u){t,x). Then u v {t) = M-(rj)v v (t) 
and it follows from Lemma l2~3l that u(t) is a solution to f)2 . 12[) . Using Lemma [2~6l 
we can prove that for t > 0, 

(3-17) C[\\u{t)\\x < Ht)\\x M < C" 2 \\u(t)\\ x , 

in the same way as (|3.16[) . Here C[ and C 2 are positive constants depending only 
on a and 771. By Lemma 13.41 

(3.18) \\u(t)\\x<C\\u(0)\\xe- a{4 - a2)t . 

Combining (|3.16|) . ()3.17|) and (|3. 18[) . we obtain ()3 . 13[) . Thus we complete the proof. 

□ 

Lemma 3.6. Let a and ry* be as in Lemma \2.9\ and let rj 2 > V*- Then there exists 
a positive constant K such that for every t > and f € Cq°(R ), 

(3.19) 11^(772, oo)/||x < Ke-^-^WfWx ■ 

Using Lemma 12.81 instead of Lemmas 12.61 and 12. 7\ we can prove Lemma 13.61 in 
exactly the same way as Lemma 13.51 Thus we omit the proof. 

Middle frequency resonant modes are exponentially stable. We can obtain decay 
estimates of these modes by a direct computation. 



Lemma 3.7. Let a and r/* be as in Lemma \2.S\ Let r/o and 771 be positive numbers 
satisfying < r/o < r/i < 77* . Then for every f G X . 

\\e tc (P (m) - PoM)f\\x < C(l + Vo^^WfWx , 
where C is a constant depending only on a and r\\ . 



Proof. Let ak{t,-n) — / R (J r y ii)(r;, x, r])gl(x, n)e lyr) dx for k = 1, 2 and let 

E a (t, m , m )= { {\ ai {t,ri)\ 2 +7f\a 2 {t,n)\ 2 )dn. 

Since u(t) is a solution of (I2.3[) . it follows from Lemma T2.2I that 



^ 32Q ^ d t ai(t,r)) = J^£(r])(J 7 y u)(t,x,r])g* 1 (x,'ii) dx 

=3t\(n)ai - 7i3A(7i)a2 , 



d t a 2 (t,n) = / C(ri)(J r y u)(t,x,ri)g^(x,ri)dx 

(3.21) Jr 

=?7~ 1 Q i A(?7)ai + 5JA(r7)a 2 , 
Using (|3.20l) . (|3.21[) and the fact that !KA(?7) is even and monotone decreasing for 
77 >0, 

d t E a (t, Vo , m ) =2 f 5RA(77)(| ai (t,?7)| 2 +^ 2 |a 2 (t,?7)| 2 )^ 
<2K\{ m )E a (t, m , m ) . 

Thus we have for t > 0, 

(3.22) E a (t, m , Vl ) < E a (0,f l0 , m )e 2>Rx ^>'> t . 
As in the proof of Lemma 13. H we have 

(3.23) \\e tc (Po(m) ~ Po(m))f\\x < Ci(l + ^)E a {fL, V o,Vi) 1/2 , 
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(3.24) E a (0,rio,T}i) 1/2 <C»\\f\\x, E a (0, 770, m) 1 ' 2 < C 2 \\e ax f\\ L i Ll , 
where C\ and C 2 are constants depending only on a and 771 . By (|3.22|) , 

(3.25) E a {t,r] , m ) <e 2 **<*>»E a (p, r] , m ) . 

Combining (|3.23[) — (|3.25[) . we obtain Lemma [3771 Thus we complete the proof. □ 
Now we are in position to prove Proposition [372] 



Proof of Provosition \3 .SX Let a\, a 2 , 771 and 772 be positive numbers satisfying a\ < 
1/(771) < a < 7/(772) < 0,2- Note that 770 < 771 < 77* < 772, where 77* is a root of 
7/(77) = a. Since 

P2(vo,oo) = P 2 {vi,Vi) + Paivi) ~ Po(m) + PiiVi,^) + Pi (772,00) , 
it follows from Lemmas 13.51 13.61 and 13.71 that 

(3.26) || e t£ (P 2 (77o,cx))-P 1 (77 1 ,772))/||x < (e^ 4 "^* + (1 + Vo^^WfU ■ 

In order to estimate \\e tc Pi(r]i, 772 ) / 1 1 jf , we will interpolate the decay estimate 
of e tc Pi (771, 772) in L 2 (R 2 ; e 2ajX dxdy) (J = 1, 2). Since 7/(772) < a 2 , it follows from 
Lemmas I3J5I and 13/71 that for t > 0, 



||e^ e t£ P 2 (r/2^2)/||L 2 ( R2 ) < e^^H^/ll W ) , 
||e^e tc (Po(r72) - i%(»?i))/|| £ »(R») < (e^ 4 "^* + fl^e***)*)^**^^ . 

Since Pi (771, 772) = P 2 (m,m) + PoM - Pi (77), 

l!e^e t£ Pi(77 1 ,77 2 )/|| L2(R2) < (e- ^ 4 -^* + e^)*)||e^/|| w) . 

On the other hand, Lemma l3. 61 implies that 

||e a ^e t£ P 1 (77i, 772)/|U 2(R2) < ||e aia 7|| L2(R2) . 

Hence it follows from the complex interpolation theorem that 
(3.27) 

||e t£ Pi(77i, 77 2 )/|U < [e-^ 4 -^ 1 + e^ 4 "^ 4 + (1 + ^Je*^)*} \\f\\ x . 
By (|3T2"6l) and (|3727|) , we obtain 

|| e t£ (P 2 (77o,oo)/|U <{e-*^ a '» + (1 + 77 - 1 ) e 5R ( A ^ t }||/|U 

+ | e - Ql (4-o?)t + e - a2 (4-o|)t + ^ + jj- 1 )^^*}!!/!!* . 

Thus we complete the proof of Proposition 13.21 □ 



Proof of Corollarv \3.3\ Without loss of generality, we may assume that M = 00. 
By the variation of constants formula, we have for any / S X, 

e tc P 2 { m ,^)d x f =e t£o P 2 (77 , oc)9 x / 

(3-28) ft , 

- 6 / d.J 1 "^ (ipe sC P 2 ( VQl oo)d x f) ds . 
Jo 
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Let t £ (0,2]. Applying Proposition ET2l and Lemmas ICT l3~4l to (f3T28|) . 

\\e tc P 2 (r) ,oc)d x f\\ x <\\e tCo P 2 (r l0 ,^)d x fl 



x 



d x e^ c ° (tpe sC P 2 (r l0 ,oo)d x f) 



x 



<(l + t- 1/2 )\\f\\x+ / {t~s)- 1/2 \\e sC P 2 { m ^)d x f\\ 



L 2 ■ 

Jo 

By Gronwall's inequality, we have 

(3.29) \\e tc P 2 (vo,™)d x f\\x ^Ct-^WfWx forte (0,2], 

where C is a constant independent of t £ (0,2] and / £ X. 

Let t > 2. Eq. (|3.29[) implies that e P 2 (r]o,oc)d x is bounded on X. Applying 
Proposition 13.21 to e tc P 2 (rj , oo)d x = e^^ c P 2 (r) Q , 00) e c P 2 (r]Q, 00) d x , we have for 
t > 2, 



||e t£ F 2 (77o, oo)^/|| 



x 



< 



/II 



x 



Combining the above with f|3 . 29[) , we obtain (|3.4I) . 

Using (|3.7j) and (|3.9[) and Lemma 13. 2\ we can prove (|3.5|1 in the same way as 
(I3~4l). □ 



4. Preliminaries 

To begin with, we will introduce notation of Banach spaces which shall be used 
to analyze modulation equations. For an 770 > 0, let Y and Z be closed subspaces 
of L 2 (R) defined by 

Y = T~ X Z and Z = {/ £ L 2 (R) | supp / C [-770, %]} , 

and let Y x = T~ X Z X and Z x = {/ G Z | := ||/|| £ » < 00}. 

Remark 4.1. We have 

(4.1) Il/H^- < (1 + % 2 ) S/2 ||/|| L 2 forany S >0and/eF, 

since / is outside of [—770,770]. Especially, we have ||/||l=° II/IIl 2 f° r an y 

Let Pi be a projection dchned by P x / = ^" 1 l[-,„,, ] F y f, where l[_, 0)T;o ](i7) = 
1 for i] £ [-Vo,Vo] and l[_^,,, ](r?) = for 77 £ [— T7 ,?7o]- T nen ll-Pi/Iki < 
(27r)- 1 / 2 ||/|| L i(M) for any / € L^R). In particular, for any /, g£Y, 

(4.2) ||Pi(/<?)|k < (2 7 r)- 1 /2|| /5 || L1 < (2 7 r)- 1 /2|| / || y | Lg || y . 

In order to estimate modulation parameters c(t,y) and x(t,y), we will use a 
linear estimate for solutions to 

(4.3) Tt =A[t)U ' 

where A(t) = A (D y ) + A x (t, D v ), u(t,y) = t (u x (t,y), u 2 (t,y)), 

_( a n (D y ) a 12 (D y )d y \ . , . _ fb xx (t, D y ) b 12 (t,D y 



MDy) \a 2 i(D v )d v a 22 (D y ) ) ' Al{t > Dy) ~ \b 21 {t, D y ) b 22 (t,D y 

and aij(rj) and bij(t,rj) are continuous in r/ £ [—7/0,770] and t > 0. We denote by 
U(t,s)f a solution of ()4.3j) satisfying u(s,y) = /(y). Then we have the following. 
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Lemma 4.1. Let k € Z>o, fi > 1/8. Let Si, 82, K be positive constants. Suppose 
that aij(r]), hj(t, 77) (i, j = 1, 2) satisfy 

\a n (v) + 3v 2 \ < W , |oia(»?) - 8| < <5i|r?| , 
(H) \a 21 ( V )-(2 + m 2 )\ <S lV 2 , IM^+^I <<W, 

MM) I <S 2 e- Kt for j = 1,2. 
If 8± is sufficiently small, then for every t > s > and / G Y", 
(4-4) \\d k y U{t,s)f\\ Y <C{l + t - s)- k l 2 \\f\\ Y , 

(4.5) \\d*U(t, s)f\\ Y < C(l + 1 - sr^+^H/lk , 

where C = C(r)a) is a constant satisfying limsup„ i Q C(r]o) < 00. 
Proof. We will prove Lemma T4. II by the energy method. Let 

wfa) - V16+(8m-1)?7 2 , 
(4-6) _ / -3ry 2 8wA , . _ / 8i 8t 

* w ~ ^r?(2 + /V) -?7 2 y ' * w ~ \j] + Mv) v-Mv) 

The matrix ^4* (77) has eigenvalues A f = — 2ry 2 ± 777W and IL^) -1 ^!* (77)11* (77) = 
diag(A+(?7), A~(ry)). By the assumption, there exist eigenvalues A ± (?;) and an 
eigensystem 11(77) °f AK*?) satisfying for 77 e [—7701*70]) 

|A ± (77) - A±(77)| < <W , |H(tj) - 11.(77)1 < £1 . 

Let A(r?) = diag(A+( f7 ) ! A~ (»?)), B(t,»j) = U^A^t, vMv) and 

e fe ? ?)=(e!(^j) =n(r?)- 1 (^)(t,*7)- 

Then (|4.3p can be rewritten as 

fite(t,»7) = {A(r)) + B(t,r)))e(t,r)). 

Differentiating the energy function e(t, 77) := \e+(t, n)\ 2 + |e_(rj, ?7)| 2 with respect to 
r;, we have 

d t e(t, 77) =2 »A±(»/)|e± (t, ^7) | 2 + 2R(B(t, jfleft 77) , e(t, jj))^ 
(4-7) ± 

<(-4 + 0{8 1 ))n 2 e(t, 77) + C&e-"*e(t, 77) , 

where C is a positive constant and (•, -)c2 is the standard inner product on C 2 . By 
Gronwall's inequality, there exists a positive constant C3 such that 

(4.8) e(t, 77) < c 3 e(s, f7 ) e (- 4 +°( J 0)'J a (*-«) for i > s > 0. 

Since ||fi*u(t)||$. ~ JJ^^ 7/ 2fc e(i, 77)^77, 

l|flM*)lly £ ( SU P *7 2fe e- 4 " 2(t - s) ] / e( S , 77)^77 

\ I I < t;o / •'M<»7o 

<{t- s)~ k \\u(s)\\ Y tort>s>0. 
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Similarly, we have 

\\dyU(t)\\ 2 Y < sup e(s, V ) f ry 2fe e (-4+0(5x))T ? 2 (t- s ) d?7 

<(t - s)- {2k+1)/2 \\u(s)\\ Yl for t > 3 > 0. 
Thus we complete the proof □ 

Let A* = J r ~ 1 A*(rj)J r , where A*(rj) is a matrix dehned by (|4.6p . For a spe- 
cific choice of fj,, we can express the semigroup e tA " by using the kernel H t (y) — 
(47rt)- 1 / 2 e-f 2 /«. 

Lemma 4.2. Let (j, = 1/8 and (A, / 2 ) G V x F. TTien 
(4.9) e 



where 



hi(t, y)=(\ + Idy) H 2 t(y + it) + Q - ^) HatCi/ - 4i) , 
k u (t,y) = H 2t (y + At) - H 2t (y - At) , 
k ^y)=(\-^ d y) (H 2t (y + 4t)-H 2t (y-4t)) , 

M*. J/) = (5 - ^(1/ + 4i) + Q + ffatfc, - 44) . 
Moreover, for every k € Z>o, i/iere exists a positive constant C such that 
\\d k y e tA *\\ B{Y , Y) <C(t)- k /\ ||3^i s(yi , y) <C<r (2fc+1)/4 - 
Proof. In view of the proof of Lemma 14.11 

'cos Atn — j sin Atr\ lisvotAtr) \ 

(l2 + l) sin4 *" cos4ir/ + I sin4t?7 J ' 

provided /1 = 1/8. Taking the inverse Fourier transform of the above, we ob- 
tain (|4.9I) . The decay estimates follow immediately from (|4.9p and the fact that 
\\d k y H t \\ B(YX) < (t)-' k / 2 and \\d k H t \\ B{YlX) < (t)-( 2fc + 1 )/ 4 . Thus we complete the 
proof. □ 

Using gU and the fact that \\d k H 2t * f\\ Y < (i) _(2fe+1)/4 ||/||y 1 for t > and 
fc G Z> , we can obtain the first order asymptotics of e tA '(fi, f 2 ) as t — > 00. 



Corollary 4.3. Let /i and A* 6e as in Lemma \4-£\ Then there exists a positive 
constant C such that for every (/1, f 2 ) G Y\ X Y\, 



where f + = \f x + \f 2 and /_ = i/i - \f 2 . 



To estimate inhomogeneous terms of modulation equations, we will use the fol- 
lowing. 
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Claim 4.1. Let a and (3 be positive constants and 7 = min{a, /3, a + (3 — 1}. // 

[a, (3) satisfies i) a ^ 1 and (3 =/= 1 or ii) a > j3 = 1 or (in) (3 > a = \, then there 
exists a positive constant C such that 

f (t- s)- a (s)-Pds<C(t)-i . 
Jo 

If a < 1 and f3 = 1 or a = 1 arid /? < 1, then there exists a C > suc/i i/iai 

/ (t - s)- a (s)-' 3 ds < C(t)- log(i) . 

Jo 



5. Decomposition of the perturbed line soliton 

In this section, we will decompose a solution around a line soliton solution <p{x — 
At) into a sum of a modulating line soliton and a non-resonant dispersive part plus 
a small wave which is caused by amplitude changes of the line soliton: 

(5.1) u{t,x,y) = <p c (t,y)(z) - "0c(t,^),i(2 + 4t) + v(t,z,y) , z = x-x(t,y). 

The modulation parameters c(to, yo) and x(to, 2/o) denote the maximum height and 
the phase shift of the modulating line soliton <p c (t,y) (x — x(t, y)) along the line y = yo 
at the time t = to, and ip c ,L is an auxiliary function such that 



(5.2) / iPc,l(x) dx = I (<p c {x) - <p(x)) dx . 

More precisely, 



$cl{x) =2(V2c-2)i/j[x + L), 
where L > is a large constant to be fixed later and ip(x) is a nonnegative function 
such that ip( x ) = if | x \ > 1 and that J R ip( x ) dx = 1. Since a localized solution to 
KP-type equations satisfies J m u(t,x,y) dx = for any y & M. and t > (see [27]). 
it is natural to expect small perturbations appear in the rear of the solitary wave 
if the solitary wave is amplified. 

To fix the decomposition (|5.ip . we impose that v(t, z, y) is symplectically orthog- 
onal to low frequency resonant modes. More precisely, we impose the constraint 
that for k — 1, 2, 

M 



M- 



(5.3) lim / v{t,z,y)g* k {z,n,c(t,y))e lyr > dzdy = in L (—770,770), 



where gl(x,r),c) = cgl(- s /c/2x,r]) and g$(x,r),c) = §gUy c / 2x , v)- 

We will show that the decomposition (15.11) with (|5.3p is well defined if u is close 

to a modulating line soliton in the exponentially weighted space X. It is expected 

that ||c(/j,-) — 2||l°° remains small as long as (|5.1|) persists. 

Now let us introduce functional to prove the existence of the representation (|5.ip 

that satisfies the orthogonality condition (|5.3[) . For v £ X and 7, c g Y and L > 0, 

let c(y) = 2 + c(y) and 

F k [u,c,j,L](r)) := l h? , ^ o] (?7) Jirn^ / /_ {u(x, y) + tp(x) ~ (p c{y) {x - 7(2/)) 



tpc( y ),L{x - l{y))}g* k (x - j(y),r],c(y))e tm dxdy. 
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To begin with, we will show that F — (F±, F2) is a mapping from X x Y x Y x K 
into Z x Z. 

Lemma 5.1. Let a G (0, 2), it G X = L 2 (R 2 ; e 2ax dxdy), c, j EY and L > 0. Then 
there exists a S > suc/i that if \\c\\y + ||7||y < <5, i/ien c, 7,L] e Z /or fc = 1, 
2. Moreover, if u G Xi := L 1 ^; L^R^)) and c, 7 € Yi, £/ien F k [u,c, 7, L] G 
fork = 1,2. 

Proof. Let u G C^(M 2 ) and 

$i(x,y) = (y5 c(y )(x - 7(2/)) - <p(a;) - t/j c (. y ),L( x - liv)) > 
$i,o( x >V) = d c (f(x)c(y) - <p'(x)i(y) - ip c ( y ), L (x) , 



$2(x, y) = $i(x, y) - $1,0(2;, y) , #(2, y) = fl£(x - 7(2/), 77, c(t/)) - ^(x, if) 
Then 

4 

{u(x, y) - $1 (x, y)} g* k (x-l(y),V,c(y))e- iyn dxdy = h ( 7 l) ■ 
where 



Ji = / u(x,y)gl(x,rj)e' lvv dxdy, 
Js. 2 

h = - I *i,o(«, y)9* k ( x ^)e~ im dxdy . 
Js 2 



h=- ®2{x,y)g* k (x,r))e im dxdy , 
Js 2 

h= {u(x,y) - ^ 1 (x,y)}^(x,y)er im dxdy . 



By Claim OH 



(5.4) sup sup ^0 a 0fc(-,?7,c) L a m < 00 for j, fc > 0, 

c£[2-«,2+i]jje[-ijo.»?o] "° 

and it follows from Plancherel's theorem and (|5.4p that 

IM^I^NLl, / I^W| 2 rfr;<||5|| y +||7|| y . 
Vo J—rio 

Since sup y (|c(y)| + |7(y)|) < ||c||y + ||7||y, we have 

||$i||x + ||$i,o||x <C(\\c\\ Y + h\\r), 
\\e ax $ 2 (x,y)\\mm <C(||S||y + || 7 ||y) 2 , 
\\e- ax *(x,y)\\ L2m <C(||c||y + ||7||y), 

where C is a positive constant depending only on 5. 
Combining the above, we obtain 

sup (|I 3 fa)| + I74WI) < \\u\\x(\\c\\y + ||7lk) + (||c||y + || 7 ||y) : 

-T) <ri<rio 

Since C^R 2 ) is dense in X, it follows that for any u £ X, 

h-vo,no](Ii + ^) G Z , l[-r, ,ri ](h + h) E Zi C Z . 
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Suppose «eXi and c, 7 £ Yi.. Noting that \/2c - 2 = c/2 4- 0(c 2 ) e Y 1: we 
have 

sup |Ji(rj)| < \\u\\ Xl , sup |/2(77)l < ||c||Yi + hllvi , 
[—10,10] [-10,10] 

and lr_ W) ^ i X)i<i<4^i e ^i- Thus we complete the proof. □ 

Lemma 5.2. Let a £ (0,2). There exist positive constants Sq, Si, L and C such 
that if \\u\\x < Sq and L > L , iften iftere exis/js a unique (£,7) with c = 2 + c 
satisfying 

(5-5) ||c||y + || 7 |k < *1 , 

(5.6) F 1 [u,c,7,L]=F 2 [«,c,7,L] = 0. 

Moreover, the mapping {weX IM|x < ^0} 9 it i— > (£,7) =: $(u) is C . 

Proo/. Clearly, we have (F u F 2 ) £ C l {X X Y X Y X M; Z X Z) and for c, 7 € Y, 



D (C)7) (Fi,Fa)(0,0,0,L) Q = V 7 ^ 



5 \ - ./tzffn fa\ (Fyc 

/21 /22/ W^T 



where 

/ii=- I {dc<f{x) ~ip(x + L))gl(x,r))dx, f 12 = I if' \x)gl{x,n) dx , 



hx = - I (d c <p{x) - ip(x + L))g2(x,n)dx , f 22 = / ^'(x)^ (x, 77) dx . 

JR JR 

By Claims |2~T1 and I A. 1 1 in Appendix 

/n = -1 + 0( % 2 ) + 0(e- ai ) , / 12 = 0( % 2 ) , 

/21 = -~ + O(t? 2 ) + 0(e- ai ) , f 22 = -2 + Ofog) , 

and D/ c , 7 )(Fi, F 2 )(0, 0, 0, L) £ B(Y x Y, Z x Z) has a bounded inverse if <5 and 
e~ aL are sufficiently small. Hence it follows from the implicit function theorem that 



II U H*2 = ( / / n , ^ 2 \ 3 d Z dr l 

-10 



for any u satisfying ||u||x < So, there exists a unique (c, 7) £ Y x Y satisfying (f5~ 
and (|5.6p . Moreover, the mapping (6,7) = <&(?/) is C 1 . □ 

Remark 5.1. In Lemma l5.2| we can replace X by a Banach space X 2 whose norm 
is 

«"» /■ |7 j(g + m,77) | 2 ' 1 2 
(1+e 2 ) 3 

Suppose u(t,x,y) is a solution of (|2.1j) satisfying u(0,x, y) = ip(x) +Vo(x,y) and 
v Q £ XC\ iP^R). Then for any T > 0, 

(5.7) S(t, x, y) := u(t, x + 4t, y) - ^(x) e C([0, 00); X) , 

(see Proposition IE. II in Appendix [El) . Combining (|5.7I) and the fact that 5(t) is a 
solution of (|E.lj) . we have dtPi(0,r]o)u £ C([0, 00); X 2 ) and 

(5.8) Pi(0, »»)«(<) eC x ([0, 00); X 2 ). 

If sup t g fo,T) II"(^)IIa 2 is sufficiently small for a T > 0, then there exists (c(t), x{t)) := 
$(«(*)) satisfying ([531) for t £ [0,T), where c(t,j/) = c(t,y) + 2 and x(t,y) = 
At + x(t,y) and v and z are defined by (|5.ip . That is, the decomposition (|5.1[) 



STABILITY OF LINE SOLITONS FOR KP-II 



29 



satisfying (|5.3j) exists on [0,T] if ||uo||x" 2 ^5 II w o||jc is sufficiently small. Since X2 3 
u 1 y G F x y is C 1 , it follows from (f5T8|) that 

(c(t), £(t)) = $(«(*)) g c([o, T] ; y x y) n C 1 ((0, T); y x y) . 

We use the following lemma to decompose initial data around the line soliton. 

Lemma 5.3. Let a G (0, 2). There exist positive constants 62, 63 and L' Q such that 
if\\u\\x t < S2 andL>L' Q , then there exists a unique (£,7) with c = 2 + c satisfying 
PIlYi + IMk < ^3 and (EH). 



Lemma 15.31 can be proved in exactly the same as Lemma [ 
We provide a continuation principle that ensures the existence of (|5.1|) as long 
as ||f(t)||x and ||c(i)||y- remain small. 



Proposition 5.4. Let a, Sq and L be the same as in Lemma \5.2\ and let u(t) be 
a solution of (j2~Tj) such that u(t, x, y) - ip(x - At) G C([0, 00); X H L 2 (M 2 )). Then 
there exists a constant 82 > such that if (|5.ip and (|5.3p /10/d /or i G [0, T) and 
z, y), c(t, y) := c(t, y) - 2 and x(t, y) := x(t, y) - 4f safe/?/ 

(5.9) (c, x) g c([o, T); y x y) n ^((o, r); y x y) , 

(5.10) sup \\v(t)\\ x < sup \\c{t)\\ Y < S 2 , sup ||s(t)|| y < 00, 
t£[0,T) * *6[0,T) te[o,T) 

i/ien either T — 00 or T is not the maximal time of the decomposition (|5.1j) satis- 
fying (EH) and ([530"]) . 

iYoo/. Suppose T < 00. Let r G (0,T), a(t,y) = x(t,y) for te [0,T - t] and 
x(t,y) = x(T - r,y) + 4(i + r - T) for i > T - r. Let Ul (t,x,y) = u(t,x + 

x(t,y),y) - yfaO- Then 

sup ||wi(t)||x< SUp (||«(t)|k + ||Vc(i,j/) -V>\\x + \\^c(t,y)\\x) 
te[0,T-r] te[o,r) 

<^ + d Sup ||c(f)||y<^ + CiJ 2 , 

* te[o,T) ^ 

where ipc(x) = iPc,l{x + 4i) and Ci is a constant that does not depend on t. Since 
y C L°°(M), it follows from the assumption that C2 ■— sup Te / ,T) su P y e~ ax ( T ' v * ) < 
00. Thus for t G [T — r, T), 



A' 



IM*)lk <IMT - r)||x + | e -^( T - T -"){5(*) - 5(T - r)} 

<y +C 1 5 2 + C 2 ||i5(t)-i;(T-T)||x. 

Now we choose £2 and r so that 

<5 2 <mi n {5 1 ,V(4Ci)} , sup ||v(* 2 ) - v(*i)Hjc < *o/(4C a ) . 

ti ,t 2 e[T-T,T+r] 

Then we have sup tg [ T+T j ||ui(t)||x < ^0 and it follow from Lemma [5.21 and Re- 
mark [5j] that there exists a unique 



(c!(t),xi(t)) G C{[T-t,T + t};Y x F) n C X {{T - r, T + r); F X y) 



30 



TETSU MIZUMACHI 



satisfying sup te ( T _ TT+r) (||ci(i)||y + ||xi(t)||y) < Si and 

(5.11) u(t,x + x(t,y),y) = <p Cl (t, y )(zi) ~ V^t^OO +Vi(t,zi,y), 



M 



(5.12) lim / / vi(t,zi,y)gt(zi,r),ci(t,y))e %m dzidy = in L (—770,770) 

M— loo ' ' 



I ui^,zi,y)y k {zi,y,ciyi,,y))c - ■ uziuy = u m u 2 ' 
M JR 

for k — 1 and 2, where c\(t,y) — 2 + ci(t,y) and 21 = x — X\{t, y). By the local 
uniqueness of the decomposition, we have for t G [T — r, T), 

(5.13) c(t) = ci(t), x(t) = x(T - t) + xi(t) , v(t,x,y) = Vi(t,x,y) . 

Let us define c(t) and x(t) by (157T5|> and v(t) by (J^HJ) for t G [T, T + r] . Then 
(c,x) S C([0,T + t];F x F) n C l ((0,T + t),Y x F) and (IBTTTT) and (15TT21 imply 
that v(t) satisfy (I5.3|) for t e [0,T + r]. Thus we prove that T is not maximal. This 
completes the proof of Proposition 15.41 □ 



6. Modulation equations 

In this section, we will derive a system of PDEs which describe the motion of 
c(t,y) and x(t,y). Substituting the ansatz (|5.ip into (|2.1[) . we obtain 

(6.1) dtv = C c{t , y) v + l + d z {Ni + N 2 ) + N 3 , 

where C c v = -8 z (d 2 - 2c + 6^ c )v - W^d 2 , £ = li + £2, £k = 4i + 4 2 + 4 3 
(k = 1,2) and 

41 =(as* - 2c - 3(x a ) 2 )^ - (ct - 6c y Xy)dc<Pc , ^12 = 3x yy ip c , 

/* 00 />oo 

^13 =3c TO / d c Lp c (zi)dzi + 3(c y ) 2 / dlip c (zi)dzi , 

J z J z 

£21 =(ct - 6c y Xy)d c ip c - (x t - 4 - 3(a; y ) 2 )^ , 

42 =9f ^ c - 3d z (i> 2 ) + 6d z (<p c i>c) - 3x yy ip c , 

/•GO /*oo 

^23 = - 3c yy / dj\> c {z\)dz\ - 3(c y ) 2 / d^ c (zi)dzi , 
JVi = -3v 2 , iV 2 = {x t - 2c - 3(xy) 2 }v + Q^ c v , 

N3 = GXyOyV + ZXyyV — 6dy(x y v) ~ SXyyV . 

Here we abbreviate e(t, y) as c and :r(t, y) as x. 

First, we will derive modulation equations of c(t, y) and x(t, y) from the orthog- 
onality condition (f5T3|) assuming that w <E X n H 3 (R 2 ) and d~ 1 v £ H 2 (R 2 ). If 
w G # 3 (R 2 ) and 9-^0 G 7J 2 (R 2 ), then it follows from [29] that u(i) € iJ 3 (R 2 ) G 
C(R;H 3 (R 2 )) and d" 1 ^*) G C(R; H 2 (R 2 )). Moreover, Proposition [ET] implies 
that v(t) G C([0,oo);X). If Mi(T) and M 2 (T) are sufficiently small, then the 
decomposition (15 . 1[) satisfying (|5.3p and (|5 .9[) exists for t G [0, T] by Lemma [5.21 
Remark IBTTI and Proposition 15 .41 Since F C if 4 (R), 

z, 2/) - 2 + £(t, y), y) = <p(z + a:(t, y)) - tp c ( t ,y)(z) + $c(t,y) ( z ) € H 3 (R 2 ) , 
and we easily see that v(t) G C([0,T];In i/ 3 (M 2 )). Using 

y (*, z : y) - v(t, z + x(t, y),y)) dz = , 
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by (|5.2|) and its integrand decays exponentially as z — > ±00, we have 

/>oo 

{d- l v)(t,z,y) = - / v{t 7 z 1 ,y)dz 1 eXnH 2 {R 2 ). 



By Proposition 15 .41 and Remark l5.il the mapping 



fi-> / v(t,z,y)gl(z,T),c{t,y))e tm dzdy e Z 
Jr 2 

is C 1 for t € [0,T] if we have (jS"l?)) and (I5~TU)) . Differentiating with respect to 
i and substituting (I6.1[) into the resulting equation, we have in L 2 {— rjo^rjo) 



dt 



(6.2) 



where 



v(t,z,y)gl(z,rj,c(t,y))e im dzdy 

R 2 



: / £g* k (z lV ,c(t,y))e-^dzdy + ^2111(1^) =0, 



III = / , v(t,z,y)£* c{tty) (g* k (t,z,c(t,y))e*yn)dzdy, 



Ut=- / AT 1 S,^(«,»j,c(t,i/))e-Wd«d|, ! 



74 J = / Ar 39 *(0 ) 7 ? ,c(t,y))e-^d^y 



+ 6 / v(t,z,y)c v (t,y)x y (t,y)d c gl(z,ri,c(t,y))e iyv dzdy , 



I J k= v (t 1 z 1 y)(c t -6c y x y )(t,y)d c g* k (z,r],c(t,y))e %m dzdy , 



IIl=- / iV 2 9 z5 *(2,7 7 , C (t,y))e-^dzd 2 /. 

JR 2 

Next, we will show the second equation of (|6 . 2() for i e [0, T] and t?(i) G 
C([0,T];L 2 (M 2 )) n L°°([0,T];X) assuming that M X (T) and M 2 (T) are sufficiently 
small. Let {fonj^i be a sequence such that 



v 0n G 3 (K 2 )nX , 9- x uon G 2 (K 2 ) , lim (K„-v |U + IK„-i>o||l 2 (r 2 )) = . 

n— foo 



and let u n (t) be a solution of (|2.ip satisfying u„(0,a;,t/) = ^(x) + vo n (x,y) and 
«„(*,£, y) = u n (t,x,y) - <p(x). Since sup te[0 T ] ||5„(i) - 5(£)I|l 2 (r 2 ) -> as n -> 
00 by 29J and sup„ sup te r T i ||u„(£)||x- < 00 by ()E.4|) in Appendix IB"! we have 
linin^oo sup t6 [ T i ||u n (i) — v(t)\\L2( R 2. e az dz ) = for any t > 0. If ?7o is so small that 
a/2 > fo, we can replace the weight function e 2az by e az in Lemma l5?2| Remark l5.ll 
and Proposition 15.41 and see that there exist v n (t), c n {t) and x n (t) satisfying for 
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te [o,T], 

U n (t,x,y) = cp Cn (t,y)(z) - ^c n (t, y ),L(z + 4t) + V n [t,z,y) , z = x- x n (t,y) . 



M— >oo 



A/ 



M 



lim / / v n (t,z,y)gl(z,T],c n (t,y))e wv dzdy = in L (-770,770), 



lim SUp ||v n (t) - w(t)||z,2 (K 2 a* d;sd ) = 0, 

n ^°°te[o,T] 

Jirn^ ||(c„(i) - c(t),a;„(t) - x(t))\\ cl{[0T] . YxY) = . 

Thus we can obtain the second equation of (|6.2I) on [0,T] for vo G X n L 2 (E 2 ) by 
passing to the limit n — > 00. 

The modulation PDEs of c(t, y) and x(t, y) can be obtained by computing the 
inverse Fourier transform of (|6.2p in the 77- variable. The leading term of 



e ig * k (z, V ,c(t,y))e~^dzdy 



is v27T-7 r j/Gfc(t, 77), where 



(6.3) G k (t,y) = J £ ig * k (z,0,c{t,y))dz. 

Using the asymptotic formula of g^(z,r]), we can see that has the following 
expression. 

Lemma 6.1. Let \i\ = | — and M2 = §2 — IS' Then 

Gi =Wx yy - 2(<3t - 6(3^1/) (f) +6Cyy~ ^(c„) 2 , 

-J +6a; TO (^-J - -(ct -6^) ^-J 

+ /iic TO + /i 2 (c y ) 2 . 

The proof is given in Appendix El We remark that (Gi,G2) are the dominant 
part of diffusion wave equations for c and x. 
Next, we will expand 



h (g*k( z i V, c(t, y)) - gl{z, 0, c(t, y))j e tyn dzdy 

in c(i, y) and x(t, y) up to the second order. In order to express the coefficients of Ct, 
Xt, c yy and x yy , let us introduce the operators S J k ( j , fc = 1, 2). For g c (z) = ip c (z), 
ip' c (z), d c Lp c (z) and d^d^if^z) = - f z °° d™ip c (zi)dzi (m > 1), let 

Sl[q c ](f)(t,y) = — / /(itt)« 2 (^ 1 (2,» ?J 2)e < (''-» 1 )n dvidz ^ j 



1 r'lo r 

S 2 k [q c ](m,y) = — J(y 1 )d(t,y 1 )g* k2 (z,r,,c(t,y 1 ))e l{ y~y^dy 1 dzd7 1 , 



where 



77^ c — 2 

5 £ 2 (z, 77, c) = 77, 2)^) + ^fiMq^Mi^ qc(z) . 

c — 2 
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We have SjJ e BiY) and S\ are independent of c(t,y) whereas ||5'fc||.B(y',Yi) ^ \\c\\y- 
See Claims IBTTI and [B~2l in Appendix [Bl Using Sf. (j, k = 1, 2), we have 

(6.4) 

-^AJ"- 1 (7^ (^(2,77,0(4, j/)) - 5 iE(z,0,c(t, j/))) e^dzdy) 
= - E a » (^MO* ~ 2c - 3(x y ) 2 ) - S{[d cVc ]{c t - QcyXy)) - d 2 y {R\ + R%) , 

= 3S^[y; c ](x TO ) - 3^[97 1 c) c <y9 c ](c ra ) , 
i? 2 = 3^ 2 [^](x yy ) - 3S 2 [d^d c <p c ](c yy ) - 3 £ S{[d- l d 2 c y c }{cl) . 

We rewrite the linear term R\ as 

R\\ = § ( c yy) ) 5 = 3 ^-^[flr^oVo] S?bo 



Next we deal with J R £2gl(z,r],c(t,y))e~' lyT, dzdy. Let S|[p] and S k [p] be opera- 
tors defined by 

1 /"'fo /• 

S* [?](/)(*,!/) = — / / /(^Mz + ^ + Ag*^^)^-^)"^^, 

1 f f 

St\p](m,y) = — / /( 1 ,i)c(t,y 1 )p(« + 4t + L) 

x 5 * 3 (z, ^ c(/j, yTjje^-y^dyidzdr) , 

where 

By the definition of i/> c , 



, t2i9k(z,ri,c(t,y))e lyv dzdy 

lit JE 

(6-5) =Ty {(SfM + SgMXv^M* - 6c, % ))} (t,„) 

- {(S fc V] + S£ty>'])((^- V2)(a; t - 4 - 3(x y ) 2 ) } (t, 77) . 

The operator norms of S^^], S^h//] (j = 3,4, fc = 1,2) decay exponentially 
because g k {z^rf) and g^(z,r],c) are exponentially localized as z —¥ —00 and € 
C£°(R). See Claims El and E3 in Appendix El 

Next we decompose (27r) _1 J R2 (£ 2 2 + £23)gl{z,ri,c(t,y))e~ ly,1 dzdy into a linear 
part and a nonlinear part with respect to c and i. The linear part can be written 
as 

(6.6) — / / £ 2 ,hn(t,z,y 1 )g* k (z,r])e l(y ~ yi,>v dyidzdri =: a k (t,D y )c, 

where 

POO 

l2,lm(t, z, y) = c(t, y)d z {d 2 + 6<p{z)} ip(z+4t+L)-3Cy V {t, y) / t(;(z 1 +4t+L)dz 1 , 



:S4 



TETSU MIZUMACHI 



(6.7) 



S*(*,»?)= / W"{z + 4t + L) + 6(v{z)^(z + 4t + L)) z } g%{z, rfidz 



+ 3T7 2 



tp(zi + it + L)dz\ g* k {z, rj)dz 



-1)0,170 



]{V), 



and the nonlinear part is 

1 f Vo 



(6.8) 



Rt^y) -=f- I I (£22+£23)g* k (z,V,c(t,y 1 ))e^-y^dzdy 1 dr 1 
1 r r io 
~ 2tt 



—no 



t2,un9k(z,v)e i{y - yi)n dzd yi dr,,. 

Next, we deal with 1I{ (j = 1 , • • • , 5) in (f5T2]l . Let 

3 / v{t,z,y)x yy (t,y)g* k {z,'q,c{t 1 y))e~ lm dzdy , 



rr 3 



II£ 2 =6 / «(t, z, i/)i w (t, y)g k (z, r), c(t, y))e- tm dzdy 

JR 2 

that i7| = JJgj + irjIlL. Let 



(6.9) 



1 f r '° 

R* k (jt,y)=— J {ilUt^+IlUt^+II^it^e^dr,, 



i 

'2tt 



IlUt^e^dr,. 



Let Si and 5f be operators defined by 



»)0 

"'/<) 



1 /"7o /■ 

Skf(t>v) = -7T / yi)/(»i)0*0jE(«,»7>c(i,yi))< 



i{y-vi)v 



dzdyidr] 



so that 

(6.10) 

where 



1 [-»?o,i7o]( ? ?)- r7 fc(*>'7) = V27rJ" y (5 fe (c t -6c y a; y )) 



-lo,' 



^IlU^v) = {S 6 k (x t - 2c-3(x y ) 2 ) + R 6 k } 



tpc(t, yi ).L(z + 4t)v(t, z, y x )d z g* k {z, rj, c(t, yi))e l(y Vl)n 'dyidzd-q . 

n J -no Jr 2 

Now we are in position to translate (|6.2[) into a PDE form. Using (I6.3[) - (I6.5[) 
and (|6.6p - (l6.10l) . we can translate (|6.2[) into 



Pi 



(6.11) 



Gi 
Go 



(d 2 y(S- 



1 t^-SrSi-Ss,,^^ 3( ^ )2 



C£ ()CyXy 



A^t) 



d 2 Ri +R 1 + dyR 2 = , 
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where 

S ' - \-si[d c <p c ] site] forj - 1 ' 2 ' 33 ~{sM oJ» 



ft 



a _ (Si Sf\ j ( ,_ (~ ai {t,D y ) 



i? 1 — i? 3 + i?^ + Rp — Si ( „~ I , i? 2 = R? — d y R 2 



and ft = *(ft? , ft) f° r 1 — 3 — 6- In ft, the nonlinear terms 6(c/2) 1 / 2 c y x y and 
16a; TO {((c/2) 3 / 2 — 1} are critical because they are expected to decay like t^ 1 as 
t — > oo. To translate these nonlinearity into a divergence form, we will make use of 
the following change of variables. Let 

(6.12) x(t,-)=x(t,-)-*t, b{t,-)= l -P 1 {V2c(t,-f' 2 -A} , 

Ci = \Pi {c(t, -) 2 - 4} ft , 
^1 = ( n > B i=\i o I > B 2 = 



We remark that 6~c = c— 2 if c is close to 2 (see Claim ILTHI) . By (|6.12p . we have 
b t = P 1 (c/2) 1 / 2 c f , b y = P 1 (c/2) 1 / 2 c y and it follows from Lemma O that 

G ft _ , f b t -6(bx y ) y \ ft yy 



(6.13) ft j = - (ft + ft) ft 2 - 3- )2 j + ft ^ ] - ft /? 

where R 7 = t {R\,Rl) and 

ft = ^4V2c 3/2 - 16 - 12&| ir TO - 6(b yy 

- 6{2b y - {2c) 1 ' 2 Cy)Xy - ZC~\ C y) 2 , 

(6.14) f/C\3/2 1 /C\l/2 . , 

2=6 H2/ ~ 1 r + 3 V 2/ c f^~ 3 ( 6:E a)a 

2 

-/_il(fo TO -C^)+^2-(c y ) 2 . 

Let ft = ft | V2 - 1 J ft , C 2 = (^ 2 ^ , ft = 5,(7 + ft)" 1 for 1 < j < 5 

and 

(6.15) ft = Si + Ci + a 2 (ft + ft) - ft - ft - ft . 

Note that J + ft is invertible as long as c(t, •) remains small in Y and that ft is a 
bounded operator on Y x Y depending on c and u. Substituting (|6.13j) into ()6. 1 1|) . 
we have 

u u ( bt-6{bx v )y 
B ^{ Xt -2c-3(x y ) 2 

= {(ft - d 2 ft)d 2 + ^(t)} Q) + fti? 7 + i? 1 + fti? 2 + fi 3 , 
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where R 3 = R 8 + R 9 + R 10 and 

{(I + C 2 )(c^ 

r* = dis ( b ™ ~ C A , r w = At (t) ( d ~ b 



R 8 = 6(B 3 B X - CO ( (/ + C2)(Cy:Ey) _ {bXy)y 



Let 



Mi(T)= sup {^(l + t)( 2fc+1 )/ 4 (||^c(t,.)||L 2 + ||^ +1 x(i,.)||L0 

+ (l + t)(||9 y 2 5(<,.)||L 2 + ||^(t,-)l|L0}, 
M 2 (T) = (l + t) 3 / 4 || w (t,.)||x, M 3 (T)= sup |Kt,-)IU»(R»)- 

0<t<T 

Then we have the following. 

Proposition 6.2. T/iere exists aS 3 > sucft that if Mi (T)+M 2 (T)+r] +e~ aL < 8 3 
for a T > 0, iften 

(6.16) (J) +X>< 



^yy 



where B 4 = B x + c^Si - 5 3 = B3|c=o,o=o> 

A(t) = [{B 2 - d 2 s a )d 2 + Mt)} 

Ms =B 3 1 R 1 , M 4 = B^dyR 2 , Ms = B^tf 3 , 
M 6 =(B 3 - 1 - Br 1 )^! (*) Q , M = (S3- 1 - B^ 1 )(B2 d 2 S ) 

Ms=(B 3 1 -B^)(B 2 -d 2 S ) ( ° 

Proof. Proposition 15.41 implies that the (15.1[) persists on [0, T] if ^ is sufficiently 
small. Moreover Claims [B~T1 16.31 below imply that B 3 , B4 and I + Ck are invertible 
if ||c(i)||y, Vo an d e _aL are sufficiently small. Thus we have (|6.16p . □ 

Claim 6.1. There exist positive constants 6 and C such that «/Mi(T) < 5, then 
for s € [0,T] and k = 1, 2, 

(6.17) \\C k \\B(Y) <CM 1 (T)(s)- 1 / 2 , 

(6.18) WCkllsiY^) < CM^Tjis)- 1 / 4 , 

Ki+Ckr^B^ + Ki+Cky^B^Kc. 

Claim 16.11 immediately follows from Claim IB.6I in Appendix [B] and the fact that 
Kicy and ||Cfc || fl(n) < ||C fc || B (Y;yL)- 

Claim 6.2. There exist positive constants 5 and C such that if Mi(T) + M. 2 (T) + 
Vo + e ~ aL < then 

\\B^\\ b( y)<C and \\B^\\ B(Yl) < C for s G [0,T]. 



STABILITY OF LINE SOLITONS FOR KP-II 



37 



Claim 6.3. There exist positive constants C and 5 such that ifr]Q + e~ aL < S, then 

\\b(Y) + ||b(Yi) < C. 

The proof of Claims 16.21 and 16.31 will be given in Appendix [Cj 

7. A PRIORI ESTIMATES FOR c(t, y) AND X y (t,y) 

In this section, we will estimate Mi(T) assuming that Mj(T) (1 < i < 3), ijq and 
er aL are sufficiently small. 

Lemma 7.1. There exist positive constants 64 andC such that ij 'Mi(T) +M2(T) + 
i]o + er aL < S4, then 

(7.1) Mi(T) <C\\v \\ Xl +C(M 1 (T)+M 2 (T)) 2 . 

To prove Lemma T7.ll we need the following. 

Claim 7.1. There exist positive constants rji, S and C such that if r/ £ (0,?7i] and 
Mi(T) < S, then 

\\[d y ,B 3 }\\ B[Y , Yl) < C(M 1 (T)+M 2 (T))( S )- 3 / 4 forse[0,T]. 

The proof is given in Appendix O 

Claim 7.2. There exist positive constants r\\, S and C such that if rjo € (0, 771] and 
Mi(T) < S, then forte [0,T], 

\\Si - SxWb^Yi) < CM^ity 1 ^ , 

\\S 3 - SshiY^) < CM 1 (T)(t)- 1 / 4 e- a ^ t+ ^ . 

Claim 1731 follows immediately from (|C.7|) . (|C.8|I and Claim fBTTl 

Proof of Lemma \7.1\ To apply Lemma 14. 1 L we will transform (|6.16l) into a system 
of b and x y . Let A{t) = diag(l, d y )A(t) diag(l, d' 1 ), B 5 = B Y + d%Si and 

A = diag(l,cg (b^(B 2 - d 2 ^ 2 + f° 0)} diag^l,^)- 1 , 

Ai(t) = diag(l, d y ){Bl 1 - B^)(B a " ^5 ) diag(d 2 , ft,) + diag(l, ft,)^ UlCt) , 

where d y x = F^iin)- 1 T y . Then A(t) = A + Ai(t). Note that Ai(t) = 
Ai(t) diag(l, 5" 1 ). Multiplying (|6TTS)| by diag(l, ft) from the left, we can transform 

mcnui into 

(7.2) ft (^J = A(i) + 2 diag(l, ft)M . 

Now we will show that A(t) satisfies the hypothesis (|Hj) of Lemma [4TTI Let Aq(t]) 
be the Fourier transform of the operator Aq . Then 



(7.3) 



~3n 2 8in\ (0{n A ) 0{n 3 )\ 

ir,{2 + ^) -rf) + [Oin 5 ) Otf)) ' 



where ^3 = — ^ + | = | + > 1/8. Claim ID.4I in Appendix |D] implies 
PiWlls(r) £ e- a ( 4t+L ). Thus we prove that A(t) = A + Ai(t) satisfies ©. 
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Let U(t, s) be the semigroup generated by A(t). By the variation of the constant 
formula, 



U{t,s) diag(l, d y )Afi{s)ds 



By Lemma 15.31 and Claim ID.61 

116(0)11^ + \\x y (0)\\ Yl < ||c(0)||^ + ?7op(0)lk < WvoWx, ■ 
Applying Lemma \A. II to the first term of the right hand side, we have for k > 0, 
Wtfmh + K fe+1 z(i)||y < (1 + i)- (2fc+1)/4 ||«o|| Xl + + tft* , 



(7.4) 



/ ||^C/(t, S )diag(l,9 I/ )M(s)||y(is, 



^2 = 



^(M)X>iag(l,W(s) 



i=2 



Now we will estimate 01^ (i = 1, 2, fc = 0, 1, 2). First, we estimate 91^. Let 
n\ = 6bx y and n-i = 2(c— b) + 3(x y ) 2 . Then diag(l, d y )J\fi = d y Px t (ni, na). Since 

[a„[/(t, s )] = 0, 

(7.5) d£cr(i )a )diag(l,3„)M =^ +1 f/(t, S )*P 1 (n 1 ( S ),n 2 ( S )). 

By dll]), ClaimESJand the fact that [S^Pi] = 0, 



l-Pimlki + IIA^Ik <IIH|y|My + \\ x v\\y + \\b- c\\ Yl 



(7.6) 



<(l + \\d\\ L ^)\\d\\ Y \\Xy\\ Y + \\Xy\\ Y + \\d\\ Y 



h(T) 2 (s)-^ 2 forse[0,T], 



R^ilk + \\d y Pin 2 \\Y x 
(7-7) <\\by\\Y\\x y \\Y + ll&||y||%Jy + ||a;„||y||a; TO ||y + \\b y - c y \\ Yl 

<Mi(T) 2 (s) _1 for «G [0,1*], 

||^iW«)lk + \\d*p iri2 ( S )\\ Yl 

iSIK&^t/IflU 1 + IK» - Sj Yl + ||((%) 2 ) yy ||Li 

(7-8) ^||c||y||x TOJ/ ||y + ||c y ||y||a; w ||y + \\Cy y \\ Y \\x y \\ Y + \\c\\ Y \\c yv \\ Y + \\c y \\ Y 

+ \\ X y\\Y\\Xyyy\\ Y + 1 1 Xyy \ \ \ 

<Mi(T) 2 (s)- 5/4 for any s G [0,T]. 
Using Lemma |4~T1 (|7.5p with k — and (|7.6p . we obtain 

(7.9) *n? <Mi(T) 2 / (t- s)- 3/4 (s)- 1/2 ds < Mi(T) 2 (£)- 1/4 forie[0,T]. 
Jo 
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In the last line, we use Claim|4?TJ Using Lemma ICT (|7T6]) for s £ [0, i/2] and (fTf]) 
for s £ [t/2,t], we obtain 

*S < / ll^(t,s)|| B(yi , y) (||P 1 n 1 (s)|| Yl + ||P 1 n 2 («)||y 1 )ds 



+ / ||^^(t,*)||B(Y i ,n(ll^ini(«)l|ii + II^An2(*)||y 1 )d8 

(7.10) J m 

<Mx(T) 2 ^jf t/! '(t- s)- 5 / 4 (s)- 1 / 2 ds + J* (t - s)- 3 / 4 (s)- 1 ds^ 

<Mx(r) 2 (t)- 3 / 4 for* €[0,1*]. 
Similarly, we have 

/•*/2 

Jo 



+ / \\d y U(t, S )\\ BiYliY) (\\dZPim( S )\\ Yl + H^na^HyJds 
(7.11) -/t/2 

<Mx(T) 2 ^\t- s )- 7 l\s)- 1 l 2 ds + J* (t- S )- 3 / 4 ( S )- 5 / 4 ^ 

<Mi(T) 2 (t) _1 forte [0,T]. 

The rest of nonlinear terms X)i= 2 diag(l, d v )Mi can be rewritten as a sum of 
Af'(t) and d y N"{t) satisfying 

|K(t)||y I <(M 1 (T)+M 2 (T)) 2 (t)- 5 / 4 forie[0,T], 
\W"{t)\\ Yl <Mi(T)(M 1 (T)+M 2 (T))(t)- 1 forte [0,T]. 

First, we prove decay estimates of Ttf (ft = 0, 1, 2) presuming that (17. 12|) is true. 
Then for t £ [0, T] and < k < 2, 

(7.13) 9T§ < (Mi(T) +M 2 (T)) 2 (t)- min { 1 ^ 2fc+1 )/ 4 > . 

Indeed, Lemma |4J] implies that for t £ [0, T], 

||«9, fe C/(t, s )AA'( s )|| Y d s < /' ||^(t,*)||fl(n,y)ll^(*)l|y 1 *» 

Jo 

<(M!(T)+M 2 (T)) 2 / (t- s)-( 2fc+1 )/ 4 ( S )- 5 / 4 ds, 



||^C/(i )S )^"( S )||yd S < / ||^ +1 f/(t, S )|| s(yi , y) ||AA"( S )|| yi d S 

JO 

<Mi(T)(Mi(T)+M 2 (T)) / (t-s)- (2fc+3)/4 (s)- 1 ds. 

Jo 

By Claim EU 

\ t - s )-( 2fc +D/ 4 ( s )- 5 / 4 ds < (t)-( 2fe +D/ 4 for k = 0, 1, 2, 
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and 

f\t-s)-^ {s )-^s<l <r;/ 4 iog<;>for fc = o, 

Jo \ (t)- 1 forfc = l, 2. 

Thus we have (|7.13|) presuming (|7.12j) . 

Now we turn to estimate A4 (2 < k < 8). First, we will estimate N 2 ■ Let 
E 1 = diag(l, 0), E 2 = diag(0, 1) and 

M 2 i = B^ 1 E l P 1 R ! , N 22 = (B3 1 -B^ 1 )E 2 P 1 R 7 , A/23 = B^ 1 E 2 P 1 R 7 . 

Then A/2 = A/21 + A/22 + A/23- Claim HT2l implies that -Bg -1 is uniformly bounded on 
Y and Yi for s € [0, T}. Thus by Claim [E3 

(7.14) HA/21 II* < ||# 7 |k ^M^T) 2 ^)- 5 / 4 for S e[0,T]. 

Next we will estimate HA/22 1| Vi ■ Since (I+C 2 )~ 1 B^ 1 E 2 = \E 2l we have SjB^ 1 = 
\Sj for 1 < j < 5 and S^B^E^R 7 = 0. Thus A/22 can be rewritten as 

A/22 =-B 3 - 1 (Bi - B-^B^E^R 7 

= - S3- 1 [Ci - d 2 (Si + S a ) + £3 + 5 4 + £5} B^E^R 7 
= - -Bz 1 {Ci - 9 2 (5i + S 2 ) + S 4 + 5 5 } i? 2J R 7 . 
By Claims [B~THB~5l IB~6l and [DJl we have for s € [0, T] and j = 1, 2, 

H^Ml* ^R^VcKi&lk SIIVSlI* <Afi(T) 2 ( s )- 5 / 4 , 
|5 4 ^ 7 | < E IWK^-V2)i? 2 7 lk 

1 j'=3 : 4,fe=l,2 

(7 " 15) < (llll^fMIUc^olKVH- v^)J^||^ + IIII^E^IUa-.^IKVS- v^^H^) 

<M!(T) 3 e- Q(4;i+i) (s)- 3/2 , 
ll^^lln < E HSM)lk < ')llx||-R 2 ||y < Mi(T) 2 M 2 (T)(,s)- 2 , 

fc=l,2 

UCi^lk < INI 5(^0 II #2 Ik <Mi(T) 3 (s)- 3 / 2 . 
Combining the above, we have 

(7.16) IIA/^Hn < Mi(T) 2 (s)- 5 / 4 for s G [0,T]. 
By Claim lLV7l and the fact that diag(l, d y )J\f 2 3 — ^d y (0, i? 2 ), 

(7.17) || di ag (l,d y )Af 23 \\ Yl < Ri^lk < Mi(T) 2 ( s )- 5 / 4 for s G [0,T]. 
Combining (jTTl)) . (I77TB|) and (|7T7)) . we have 

(7.18) || diag(l,a y )AA 2 ||y 1 < M!(T) 2 ( S )- 5 / 4 for s G [0,T]. 

Next, we will estimate A/3. Claims [D.2I and It). 51 imply that for s E [0,T], 
ll^lkx + P'lk + P 6 |k < (Mi(T) + M 2 (T)) 2 ( S )- 3 / 2 . 
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Using Claims lB~3l IB. 41 and (|4~2]h we can show that for s e [0,T], 

< E \\SlWKV~c~V2n Yl <M 1 (T) 2 e- a ^ t + L \s)- 1 ^ 

Yi j=3,4 
fc=l,2 

in the same way as (I7.15[) . Thus for s€ [0, T], 

(7.19) HJVaOOIk < USs-'llBCroP 1 !!^ £ (Mr(T) + M 2 (T)) 2 ( S )- 3 / 2 . 

Next we will estimate A/4. Let A/41 = S^ 1 ^ 2 and A/42 = [-B^ 1 , c\] i? 2 . Then 
A/4 = dyNn +N i2 . By Claims [EE]E1 and JESj), 

(7.20) H-R^Iyi < M 1 (T)(M 1 (T) +M 2 (T))(s)~ 1 forsG[0,T]. 
By Claims [O] and [731 

(7.21) ||[i?3- 1 ,^]|| i 5(Y,y 1 ) < (Mi(T) +M 2 (T))(.s)- 3 / 4 for s e [0,T]. 
Combining (f7T20|) . ([73T|) and Claim [Ol we have for s e [0,T], 

(7.22) 11^41(5)11^ < Mi(T)(Mi(T) + M 2 (T))(s) _1 , 

(7.23) 11^42(5)11^ < Mi(T)(Mi(T) + M 2 (T)) 2 ( S )~ 7 / 4 . 

Next we will estimate A/5. Let r§ = -Pi{(/ + C 2 )(c a Xj,) — (6xj,)j,}. Then 
IMIy < Iksllv, < Mi(T) 2 (s) _1 , || Vslki £ M^T) 2 ^)- 5 / 4 . 
Here we use Claims O and E3 By (|6T5|) and ([Cli]) . 

Il^lki ^II^iIIbcyoII^j/^sIIyi + II [^.^^^(^Yi) + B(Y,Yi) IMIy 

\ J=2,4,5 / 

+ II^HsfYolksllY! • 

Combining the above with (|C.l|) - (jC.5[) and (IC.10[) in Appendix O we have 

ll^lk <M 1 (T) 2 (l+M 1 (T)+M 2 (T))(s)- 5 / 4 forsG [0,T]. 
Since \\d 2 Sa\\ BiYl ) < Vo h Y Claim ED and ((C21), it follows from Claim El] that 

\\R 9 \\ Yl < \\byy - c yy \\ Yl < Mi(T) 2 (s)~ 5 / 4 for a € [0,T]. 
By Claims EH] and El 

ll« 10 ||Yi <e- a(4s+L) ||6-c|| ri <M 1 (T) 2 (s)- 1 / 2 e- a ( 4s+L ) for s € [0,T]. 
Thus we have 

(7.24) HA/^IIy! < ||^ 3 (s)|| < M 1 (T) 2 (s)- 5 ' /4 for s G [0,T]. 
Next we will estimate A/"g . Since the second column of Ai(t) is 0, 

M & = {B^-Bl l )Mt) Q . 

By the definitions of B3 and B4, 

B 3 - S 4 = Ci + d 2 (5i - Si) + d 2 y S 2 - (S 3 - S 3 ) -Si-S 5 . 
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Hence it follows from Claims EU WM $QM and <fC~4 |) - ([CT6|) that 
\\B i -B a \\ B(XiYl) <\\C l \\ B{YiYl )+ Yl H^(^-^)llB(y,y 1 )+ E H^iNyy) 

i=l,3 J=2,4,5 

<(M 1 (T)+M 2 (T))(s)- 1 / 4 forse [0,T]. 

In view of Claims I0T2I and IrTBI and the above, we have for s E [0, T], 

ll-S^" 1 - B^" l^yy) <||S 4 r 1 || B (y 1 )||B 4 - B3||B(y,Yi)||-B^ \\b(y) 
(7.251 , ,. 

<(M 1 (T)+M 2 (T))( S )- 1 / 4 . 

Combining Claim ITX31 and (|7.25p . we have for s£ [0,T], 

ll^lly ^Pa'-Vllfl^oMiWIlBwIlftllY 

<(Mi(T) + M 2 (T))M 1 (T)(.s)- 1 / 2 e- Q ( 4s+i ) . 

Since ||So||.B(y) ^ 1 by Claim IB.ll it follows from (IC.6|) and (f?T2"5j) that for 
se[0,T], 

(7.27) \\M r \\ Yl < WB- 1 - B^\\ B(Yn) \\b yy \\ Y < (M X (T) + M 2 (T))M 1 (T)(s)~ 5 / 4 . 
Finally, we will estimate Ag fe . Let 

AA 81 = (B^ 1 - B^)d 2 y S (j* ) , i? 4 = B± l B?. f ° 



'/.V 



Afe = Sg" 1 ^ - B 3 + Ci)i? 4 , A/s3 = Sf^Ba - Si - C^B^dR 4 
M &i = -B^C^I - B^C^ . 
Then As = Si<j<4-^8j- Since [d y , So] = 0, we have 





dySo 



11)1 



~ II^J/J/J/II Y- 
Y 



Combining the above with (|C.6|) and (|7.25l) . we see that for s £ [0, T], 

(7.281 _ . . 

<r) (Mi (T) + M 2 (T))Mi (T) (s) ~ 5/4 . 

Next we will estimate A/"s2 • Let 

n 3 =a y (5 1 -5 1 + 5 2 )9 y E 4 , n 4 = 5 !/ [5 s/ ,5 1 + 5 2 ]fl 4 , n 5 = {S 3 -S 3 + §* + S 5 )R 4 . 

Then A/g2 = -B^" 1 (n 5 — n 3 ~ n 4 ). Claim 175111 and the fact that [d y ,B^\ = imply 
that for a £ [0,T], 

<\\x m \\Y<Mi(T)(a)-W, 

\\dyR 4 \\Y <\\x vvv \\y SM^ia)- 1 . 

We see that \\n 3 \\ Yl < Mi(T) 2 (s)- 5 / 4 follows from Claim O (EU, (EU) and 
flT^) and that ||n 4 ||Yi < Mi(T) 2 (s)- 3 / 2 follows from (jCTTO)) . (jCTT|) . (jCB and 
UZ25J). By ClaimO fCLl, (JESJ) and (17^1) . 

Nil* < M 1 (r)(s)- 3 / 4 (M 1 (r)e- a ( 4s+L )(s)- 1 / 4 + M 2 (T)(s)- 3 / 4 ) . 

Thus we have 

(7.30) HAUly < M 1 (T)(M 1 (T)+M 2 (T))< S )- 5 / 4 for a £ [0,T]. 
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Next we will estimate TV 8 3 ■ Let 

n 6 = [d y , St + S 2 ]B^ 1 C 1 R A , n 7 = + S 2 )[d v , B^faR 4 , 
n 8 = (Si + S 2 )B^ 1 d y C 1 R i , n 9 = (S 3 + S 4 + S^B^fr . 

ThenTV 83 = S^ 1 8 y (n 6 + n 7 + n 8 ) - B^n 9 . By Claims UDO dDUD^ and (|CTTT1) . 

3=1,2 

<Mi(T) 2 (s)" 2 forse[0,T]. 
Using Claims E21E21 (fC7T]) - (fCT5|l . ([7391) and ([CJjl . we can obtain 

llnrlk <M 1 (T) 2 (M 1 (T)+M 2 (T))(.s)- 2 , ||n 8 || yi < M^T) 2 ^)- 5 / 4 , 
\\n 9 \\ Yl <M 1 (T) 2 ( s )- 1 (e^ 4s+L )+M 2 (T)( s )- 3 / 4 ). 
Combining the above, we have 

(7-31) ||A/s3|| Vi <Mi(T) 2 (s)^ 4 . 

Since diag(l, d y )B^ 1 C\ = \d y C\, 

2diag(l,a„) J V 8 4 ={[d y ,C 1 ]Bz 1 +C 1 [9 y , J B 3 - 1 ] + {C X B^ - I)d y } C X R 4 . 
Combining Claims 16.21 IB. 61 IB. 71 and 17.11 with (|7.29[) , we obtain 

(7.32) ||diag(l,9 a )AA 84 ||y 1 < M^T) 2 ^)- 5 / 4 for S e[0,T]. 
Thus for s £ [0,T], 

(7.33) J2 Hdiag(l,0„)My|| < M 1 (T)(M 1 (T) + M 2 (T))(s)- 5 / 4 
i<i<4 

follows from (17381 . (1730)) . (173D and (17321) . 

Now let TV' = diag(l,a y ) fc^sM'+^j and TV" = diag(l, d y )Af 41 . Then 

(HH follows immediately from (ITTg)) . (17T91 . (17321 . (17351) . (1731) . (17351 . (17371) 
and (17351) . By fTJl and Claim Ell 

||fl*c(t)|| y + \\d k y +1 x(t)\\ Y <<t)- (2 * +1)/ *lhlk +m h 1+ m k 2 

(7 34) 

y ' +I vi[ 1 (r) 2 (t)" min{(2 ' £+3)/4 ' 3/2} . 

for < k < 2 and t £ [0,T]. Combining ([7T9 ]) - (ffTT]) and (f77T3|) with ([734j) . we 
obtain (j7.1j) . This completes the proof of Lemma 17.11 □ 



8. L 2 bound ON v(t,z,y) 

In this section, we will estimate Ma(T) assuming that Mi(T) and M 2 (T) are 
small. First, we will show a variant of the L 2 conservation law on v. 

Lemma 8.1. Let a £ (0, 2) andT>0. Suppose v(t) £ C([0, T}; X n L 2 (R 2 )) is a 
solution of (|6.1|) and thatv(t), c(t) and x(t) satisfy (15 .3[) . (|5.9p and (|5.10p . T/ien 

Q(i, u) := / {u(£, 2, y) 2 - 2ip c uy) >L (z + At)v(t, z, y)} dzdy 
Jr 2 
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satisfies for t £ [0, T], 

Q(t, v) = Q(0, v) + 2 J J ^ {in + ii2 + 6p'c( s ,y) ( z )i>c(s, y ) (^)) v(s, z, y) dzdyds 
-2 1 \ li\) c (t, v ),h{z + 4i) dzdyds - 6/ ip' c{ty) (z)v{t, z,y) 2 dzdy 



6 l_ v(t,z,y){cyy(t,y) / 9 c ^c(t,j/)(^i) d«i 

J — CO 

+ c y (t,y) 2 / dlip c (t, y ){zi)dzi) dzdy . 



Proof. Suppose «o € _ff 3 (IR 2 ) and c? x € i? 2 (R 2 ). Then as in Section [BJ we have 
v(t) G C([0,T];iJ 3 (IR 2 )) and d^dyV^) G C([0, T];iI 1 (R 2 )). Using we have 

4 / v(t,x,y) 2 dxdy=2 [ v (C c{t . y) v + £ + d z {N 1 + N 2 ) + N 3 ) dzdy 
at Jb 2 J 

=2 / Ivdzdy + 6 / — f' c )v 2 dzdy , 



and 

^ y 2 - 0c(t, H ),i( 2; + 4*)u(t, z , V) dzdy = J (ctdc4>c + 4^) v 

+ I ^c{C c(t . y) v + t + d z {Ni+N 2 ) + N z ) 



Since (d z 1 d 2 )v(z, y) = — J z °° d 2 v(zi,y) dzi, we have 

ip c £ c v dzdy = ip c d z (d 2 — 2c + 6<p c )ti dzdy — 3 / ip c d~ 1 d 2 v dzdy 



M 2 



= / w«" - 2c^ + 6^) 

3 / v \ c vv d c tp c + (c y ) 2 I d 2 ipc} dzdy , 



where 9*^ c = ^c^c(t,j/),i(^ + 4i) for fc > 0. By integration by parts, we have 

/ ip c d z Ni dzdy = 3 / ^'v 2 dzdy , 

JR 2 J 

and 

J(d z N 2 + N 3 )i> c dzdy 

= - V^(Xt-2C - 3{Xy) 2 ) i>' c + iXyyi> C + &CyXyd C ^ C + ty'Jfrc } dzd?/ • 
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Combining the above, we have 
d f 

-77 / {v(t, z, y) 2 - 2ip c r tty)jL (z + it)v(t, z, y)} dzdy 
at jt&2 

=2 



+£12 + 6ip' c{t y) (z)^ c{tiV) (z)j v(t,z,y) - iip c (t >y ) tL {z + 4t)\ dzdy 

+ 6 v(t,z,y) <Cyy(t,y) / (d c (p c ^ y )(zi) - d c ^ c {t >v ),L{zi + 4t)) dz x > dzdy 
Jr 2 I Jut ) 

+ 6 / v(t,z,y) I c v (t,y) 2 \ {p\y <.^{z{) - d 2 ip c ^ >L (zi + At)) dz x \ dzdy 
Jr 2 I Jr J 

-6 / tl 3 v(t, z, y) dzdy - 6 / ip' c{t y) (z)v(t, z,y) 2 dzdy , 



where 

^13 = Cyyit'V) / d c (p c{tty) (zi)dzi+Cy(t,y) 2 I d 2 (p c{t , y )(zi) dz 1 



oo 



Since Ld]?tp c (x) dx = J R d^ip C: L(x) dx for k > by (I5.2[) . we see that Lemma I5TT1 
holds provided «o and d~ d y VQ are smooth. 

For general vq £ X n L 2 (R 2 ), we can prove Lemma [8.11 by a standard limiting 
argument. The mapping 

(8.1) L 2 {R 2 ) 3v ^ v{t) £ C([0,T];i 2 (M 2 )) 

is continuous for any T > by On the other hand, it follows from (|E.4|) 

that a solution of (IE.1[) satisfies sup t(E [ T ] ||w(i)|| x < C, where C is a constant 
depending only on T, ||i>(0)IIl 2 (]R 2 ) and ||t>(0)||jf Thus the mapping 

(8.2) X n L 2 (R 2 ) 3v ^ v(t) £ C([0, T]; L 2 (JR 2 ; e ax dxdy)) 

is continuous since ||u||i2(R2 ;e 'M(jad8/) ^ II^IIi^m 2 ) IMIj/ 2 f° r everv u € Xni 2 (M 2 ). If 
?7o is sufficiently small, it is clear from Lemma 15721 and Remark l5.1l that (c(i), x(t)) £ 
Y xY a,s well as its time derivate depends continuously on v(t) £ L 2 (M. 2 ; e ax dxdy). 
This completes the proof of Lemma 18.11 □ 

Using Lemma 18.11 we will estimate the upper bound of |ju(i)|| i 2. 

Lemma 8.2. Let a £ (0, 1) and 64 be as in Lemma \l.l\ Then there exists a positive 
constant C such that i/M x (T) + M 2 (T) + ??o + e^" 77 "^ 8 4 , then 

M 3 (T) < C(|| Uo || L 2 (R2) + Mi(T) + M 2 (T)) . 

Proof. Remark 15.11 and Proposition 15.41 tell us that we can apply Lemma 18.11 for 
t £ [0,T] if Mi(T) and M 2 (T) are sufficiently small. 
Since we have for j, k > and zeE, 

(8.3) did*<p c {z) < e- 2a ^ , f diip c {zx)d Zl < min(l, e 2az ) , 

«/ — OO 

it follows that 
(8.4) 

/ {ixi+ i l2 -t ls )v dzdy 
Jr 2 

<( 



\Ct - 6CyXy\\ L 2 + \\Xt ~ 2C-3(Xy) 2 \\ L 2 + \\Xyy\\ L 2 + \\Cyy\\ L 2 + \ \ Cy \ \ \ 4 ) 1 1 V \ \ X , 
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(8.5) 



(8.6) 



( p'c(t,y)( z ) v ( t ^ z ^y) 2 dzd v 



< \\v" 2 



X ' 



f'c(t, y ) ( z )^>c(t,y) (z)v(t, z, y) dzdy 



S\ eaZ ^c(t,y)\\LlJ\v\\xe 



-a(4t+L) 



Next, we will estimate L 2 £tp c ( ttV \ . In view of (|8.3I) . we see that £n + £12 
exponentially localized and that 



(8.7) 



(in + h2)ipc(t,y) (*) z , y)dzdy 

<|| e - a2 (4l+^12)|U ? J| e a ^ c (^)||^ 

< (1104-6^1^2 + \\ Xt ~ 2C- Z{Xyf\\ L 2 + WXyyWlj) \ \ ^^y) \ \ L * . 



By integration by parts and the fact that \\d c ip c ^ ty ^(z)\\ L x, L 2 ^ 1, 

(8.8) / t 2 i'tpc(t,y){t,z,y)dzdy =--77 / tjj c (t, y )(z) 2 dzdy + 0(\\c y x y \\ L 2 \\c\\ L 2) . 
. 02 z at . 02 



Similarly, 

/ ^22-0 ' C (t, V )dzdy =3 / \ip' c(t ) (z) -x yy (t,y)\'ijj c(t , y) (z) 2 dzdy 
(8.9) Jm 2 it 2 L > 

SV aZ A?Ll^\Vvv\\L^c(t^x\?L^- 

Since P13IIL-L 2 + HfelUyij < l|c TO IU 2 + IKIli* and llV'c(t,y),i||iii= = 0(||c|| L 2 



(8.10) 



E 

3=1,2 



ij3i>c(t,y) dzdy 



< II? 



I|c||l2(||c to || L 2 + ||cj i4 ). 



(8.11) 



In view of the definition of tp, 

nc { t,y)\\x<\\c\\ L 2e- a ^+ L \ 

ll^c(i,v)IU 2 (B 2 ) = 2V2\\y/c- v / 2||l 2 (r)||V'I|l 2 (r) < ||c||l 2 
Claims El ES and f6~TCl) imply that for t € [0,T], 

\\c t \\ Y + \\xt - 2c-3(x y ) 2 \\ L 2 < \\b t \\ Y + \\x t -2c- 3(^) 2 || L 2 



< 



ll c yyll^ + ll^yylly + ll^i Wll B(Y) \\b\W + \\(bx y ) y \\Y 



i(T)(t) 



-3/4 



Eiimii 



i=2 



Following the proof of Lemma 17.11 we see that 

E IIM||y <(M 1 (T)+M 2 (T)) 2 (t)- 1 



2<i<8 



Thus we have 

(8.12) ||c t || y + \\x t - 2c-3(x y ) 2 \\ L 2 < Mx(T)(<)- 3 / 4 + (M X (T) + M 2 (T)) 2 (ty 
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Combining (|O |l - ([87[0] >. (f8TTT]) and ([8T2]) with Lemma IO we see that for t £ 
(0,T], 

Q(s,v) +8|^||| 2 || v 7 ^) ~ V2\\ 2 L2m Y~* 

(8.13) t 

<(Mi(T) +M 2 (T)) 2 / (s)- 5/i ds < (Mi(T) + M 2 (T)) 2 . 
Jo 

Since Hv^Oj- V2||l2 < ||c(0)||y < \\v \\ Xl and 



Q(*,«) = IK*)lli»(R=') + o(l|£(*)lklK*)llw(R=')), 

Lemma IHT^I follows immediately from (|8.13|) . Thus we complete the proof. 



□ 



9. LOW FREQUENCIES BOUND OF v(t,X,y) IN y 

Let vi(t) — Pi(0,2M)v(t). Since v\(t) does not include high frequency modes 
in the y variable, we can estimate vi(t) in the similar mannar as generalized KdV 
equations ([32]) by using the semigroup estimates obtained in Section [3] In this 
section, we will estimate v%(t) in the exponentially weighted space X. 

Lemma 9.1. Let r/o, a and M be positive constants satisfying vq < a < 2 and 
u(2M) > a. Suppose that v{t) is a solution of (16. ip . Then there exist positive 
constants b\, 5$ and C such that z/Mi(T) + M 2 (T) < 85, then for t G [0, T], 

H(t,-)\\ x <c e - 2bi ^ 24 ||«(o,-)|| x + |M 1 (r) + M 2 (r)^M l (r)|(i)- 3 / 4 . 

Let x(v) be a nonnegative smooth function such that x(v) = 1 if M < 1 and 
X(v) = if \r)\ > 2. Let X m(v) = xiv/M) and 

^ / XM{r,m,ny {xi+m) < 



P<mu := — / XMivM^vV^^dtdr,, P> M = 1- P< M . 

To estimate i>i(i), we need the following. 
Claim 9.1. There exists a positive constant C such that 

(9.1) \\P<mu\\ l i L 2 <CVM\\u\\ L ^). 
Proof. Applying Young's inequality to 

(9.2) (P< M u)(x,y) = -== / J 7 ^ 1 {xm)(v - yx)u{x,yi)dy x 

V 27T Jv 



we have 

\\P<MU\\ L 2 < \\^ 1 (XM)\\mR)\\u(x,-)\\ L i {R) < VM\\u(x,-)\\ L i {R) . 

Integrating the above over K in x, we obtain (|9.ip . □ 

Proof of LemmaWH Let v 2 {t) = P 2 (rjo,M)v{t). Then 

(9.3) d t v 2 = Cv 2 + P 2 (rio,2M){l + 5 a (JVi + iV 2 + iV 2 ) + iV 3 } , 
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where iV^ = 2c(i, y)v(t, z, y) + 6(tp(z) — (p c u tV \(z))v(t, z, y). Hereafter we abbreviate 
P2(r]o,2M) as P 2 . By Proposition 13.21 and Corollary 13. 3\ we may assume that 

\\e tC P2f\\x < Ke-^WfWx , 
\\e t£ P2d z f\\ x < K(l + r^e-^Wx , 
\\e tC P2d z f\\x < K(l + t-V^^We^fW^ , 

where K and b\ are positive constants independent of / € X and t > 0. Applying 
the semigroup estimates Lemma [3T2l and Corollary 13.31 to (|9.3|) . we have 

IM*)IU <e- 26 ^o*|| V2 ( )||^ + / e-zb^it-s)^ _ s )-3/4|| e a^ i(s) || dg 



e 



-2bi7] (t-s 



)(t-s)-^(\\N 2 (s)\\ x + \\N^s)\\x)ds 



+ / e- 2b °i ^(\\£( S )\\x + \\N 3 ( S )\\x)ds. 
Jo 

By Claim ED 

\\e az P 2 N l \\ LlL 2 <VM\\v\\ L 2\\v\\x 

<VMM 2 (T)M 3 (T)(t)" 3/4 for t £ [0,T]. 
By (E32J), we have for t E [0, T], 
(9.4) 

||4|U iSlNt _ 3(Xy) 2 \\ L 2 + \\Cf - 6CyXy\\ L 2 + \\Xyy\\ L 2 + \\Cyy\\ L 2 + \ \ Cy \ || 4 

<(Mi(T) +M 2 (T) 2 )(i)- 3/4 , 



IN|x <e- a ( 4t+L ' (||c t - 6c, % ||y + ||x t - 2c- 3(x,) 2 || y + \\c\\ Y + 
+Iki«/lk+l|ci«/lk + l|c l /lli0 

< e -a(4t+L) j-y-j + Ma ( T )2) ^ -1/4 _ 



and 



< 



II^Hx + \\K\\x <(\\x t -2c- 3(x y ) 2 \\ L ~ + \\S\\l-)\\v\\x 
<(Mi(T) + M 2 (T))M 2 (T)(f)- 5/4 . 

Here we use sup y>z (\tp c{t ^(z) - <p(z)\ + \i> c (t, y )\) ^ l|c(*)|U«. Since ||9j,P 2 ||b(x) 
M, 

\\P2N 3 \\ X <M(\\x y \\ L <*> + \\x yy \\ L ~)\\v\\x 

<MMi (T)M 2 (T) (t) " 5/4 for t G [0, T]. 

As long as w(t) satisfies the orthogonality condition (|5.3p and c(t,y) remains 
small, we have 

(9-6) |Mi) - «a(t)||jr < sup |c(*, 2/)l||^i(t)|U , 

v 
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and !||u 2 (t)||x < < 2||u 2 (f)||x- Thus we have for t G [0,T], 

ft 

\\Mt)\\x <e- 2&1 "° 2t ||w(0)|| x +M 1 (r) / e- 2bl ^(*- s )(s)- 3 / 4 ds 



o 



3 P t 



i=l 



(T) M *( T ) / e^ 2bl "« (t - s) {l + (t - s)" 3/4 } (s)- 3/4 ds 



< e- 2bl "°*||w(0)||x + |Mi(T) + M 2 (T)^M 4 (T) j (i)~ 3/4 . 
Thus we complete the proof. □ 



10. VlRIAL ESTIMATES 

If we apply the argument in Section [5] to P>Mv{t), it requires boundedness of 
||w(t)||iP(H2) with p > 2, which remains unknown even for small solutions around 0. 
Instead of the semigroup estimate in Section[3j we will make use of a virial estimates 
of v in the exponentially weighted space. We remark that the virial estimate for 
L 2 -solutions to the KP-II equation (I2.ip was shown in [BJ. 

Lemma 10.1. Let a £ (0,2) and v be a solution to (|6.ip . There exist positive 
constants Sq, M and C such that if^2 i=1 Mj(T) < 5§, then 

\Ht)\\ 2 x < e- 2ot H0)|H + C f e-i^ (\\i(s)\\ 2 x + \\P< M v(s)f x ) ds . 

Jo 

To prove Lemma llO.ll we use the following. 

Claim 10.1. Let a > and p n (x) = e 2an (l + tanhet(:r — n)). There exists a C > 
such that for every n € N 
(Id) ' ^ 

p n (x)u i (x,y)dxdy^ - C J p' n { x ){{dxu) 2 + {d^dyu) 2 + u 2 ^j(x,y) dxdy . 

Claim [Tim follows in exactly the same way as [2H1 Lemma 2] and Claim 5.1]. 
So we omit the proof. 

Proof of Lemma \10.1\ Let p n be as in Claim [TOTTl Then p n (z) t e 2az and p' n (z) t 
2ae 2az as n — >• oo and < j4(^) < ap n (z), \p'"(z)\ < Aa 2 p' n (z) and ap n (z) 2 — 
e 2az p' n (z) for zel. 

First, we will derive a virial identity for w(t) assuming v € ff 3 (]R 2 ) and c*" 1 ^ € 
ff 2 (R 2 ) so that v(t) G C([0, T]; _ff 3 (R 2 )) and 0J x «(t) € C([0, T]; ff 2 (R 2 )). Multi- 
plying (|6.1I) by 2e 2at p n (z)v(t, z, y) and integrating the resulting equation by part, 
we have for t£ [0,T], 

(10.2) 

d (e 2at [ p n (z)v(t, z, y) 2 dzdy) + e 2at f p' n (z) (£(«) - Av 3 ) (t, z, y) dzdy 



dt 



ze 2at 



/ 2ap„(z)v(t,z,y) 2 dzdy + ^S^ILI k {t) 

> 2 k=i 
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where £{v) = 3(d z v) 2 + ^{d^dyvf + Av 2 , 

IIIi =2 I p n (z)£v(t, z,y) dzdyds , 
Jr 2 

III 2 =- / p' n (z)((x t (t,y)-3x y {t,y) 2 )v(t 1 z,y) 2 dzdy 1 

JR 2 

Hh = J jyPn{ z ) + Q[d z ,Pn(z)} (<Pc(t,y)(z) ~ ^c(t,y),L( z + 4t ))| w ( < > z i vf dzd V • 

Integrating (|10.2[) over [0,t], we have 
(10.3) 



2at 



p n (z)v(t,z,y) 2 dzdy + e 2as p' n {z) (S(v) - 4v 3 ) (s, z,y) dzdyds 



p n (z)v(0, z,y) dzdy + / e as 2ap n {z)v{s, z,y) dzdyds 



f e 2as f {Hh(s) + III 2 {s) + Hh(s)} ds . 

JO JR 2 



We can prove (fTTTBI for any v(t) € C([0, T];L 2 (R 2 )) n L°°([0,T];X) satisfying 
J2i=i Mj(T) < 5q in the same way as the proof of Lemma [5TTI 
By the Schwarz inequality and Claim [T0.1[ 



(10.4) 



v'Jv^vit.z.yfdzdy 



<||«(t)|| za / p' n (z)£(v(t,z,y))dzdy. 



1/2 



By the Schwarz inequality, 

\Hh\ < I p' n (z)v 2 dzdy + 



t dzdy . 



Since Y C F 1 (R), we have sup te[0iT] , yeR |x t (t, y)-3x„(t, y) 2 | < Mi(T) from (|8A2)) 



and 



Let 



|/// 2 |<Mi(T) / Pn (z)v(t,z,y) 2 dzdy. 



M = sup (' +6 sup 

™, z Pn\ z ) n,t,y,z 



\[d z ,p n (z)} (<p c ( tty) (z) - i> c (t,y),L( z + 4f)) | 



Then 



|7JJ 3 | < M / p n (z)v(t,z,y) 2 dzdy. 
Jr 2 

Let w< = P<mv and t>> = P>mv. For y-high frequencies, the potential term can 
be absorbed into the left hand side. Indeed it follows from Plancherel's theorem 
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and the Schwarz inequality that 

p'„(z) ((dzv>) 2 + (d^dyvy) 2 ) (t,z,y)dzdy 

p' n (z) (\d z T v { V> )\ 2 + rfld^FyMl 2 ) (t, z, n) dzdr, 

>2M [ p'Jz^y^z.yfdzdy. 
Combining the above, we have for t e [0, T], 

e 2at / Pn(z)v(t, z,y) 2 dzdy < / p n (z)v(0, z,y) 2 , dzdy 



, £(s) dzdyds + M / e p„(z)w<(s, z,y) dzdyds 

PrX z ) Jo 

if is sufficiently small. By passing to the limit as n — > oo, we obtain Lemma llO.ll 
Thus we complete the proof. □ 

Combining Lemmas 19.11 and 110.11 we obtain the following. 

Lemma 10.2. Let a and M be as in Lemmas \9.1\ and \10.I[ There exist positive 
constants 67 and C such that */X^=i Mj(T) < Sj, then 

(10.5) M 2 (T)<C(\\v \\x+M 1 (T)). 

Proof. Since xm(v) = for 77 e K\ [-2M,2M], we have \\P< M v(t)\\ x <\\vi(t)\\ X - 
Combining Lemma \1 . 1 1 with Lemma \9. 11 (19.4[) and (|9.5|) . we have for t G [0,T], 

ll«(*)llx < e^ 2t ||«(0)||x + {Mi(t) +M 2 (T)(Mi(T) + M 2 (T) + M 3 (T))} (t)- 3 / 4 . 

Since ||v(0)||x < ||wo||x by Lemma[572j we obtain (|10.5[) if (57 is sufficiently small. 
Thus we complete the proof. □ 



11. Proof of Theorem 11.11 

Now we are in position to complete the proof of Theorem 11.11 

Proof. Since the KP-II equation has the scaling invariance, we may assume that 
Co = 2 without loss of generality. Let (5* = mino<i<7 Si/2. 
Since v G H^M 2 ) Hi, 

v(t,x,y) = u{t,x + 4t,y)-<p(x) G C([0, 00); X n iJ^M 2 )) 

(see and Proposition IE.1[) . If ||i>o||x + II^oIIl 2 is sufficiently small, Lemma 15721 
and Remark |5 . 1 1 imply that there exists T > and (c(t),x(t)) satisfying (15. ip . (|5.3I) . 
([BT9| and 

||c(t)||y + ||x(t)||y < 115(4)11* forte [0,T], 
and it follows that v(t) e C([0, T];Xn L 2 (R 2 )) and 

(11.1) M tot (T) := Mi(T) + M 2 (T) + M 3 (T) < y . 

By Proposition [53J we can extend the decomposition (|5.1|) satisfying ()5.3|) beyond 
t = T. Let Ti e (0, 00] be the maximal time such that the decomposition (|5.1j) with 
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([Oj) exists for t e [0,Ti] and M tot (Ti) < (5*. Suppose Ti < oo. Then it follows 
from Lemmas EUJ E2 and [T0~2l that 

(11.2) Mtot(Ti) < IKHjti + IKHl»(r>) + M tot (T x ) 2 . 

If lko||xi + || u o||i 2 (H 2 ) i s sufficiently small, then M 4o t(Ti) < 5* 12 follows from (|1 1 .2|) . 
which contradicts to the definition of T\ . Thus we prove T\ = oo and 

(11.3) M tot (oo) < llUolUx + |N||ia. 

Now we will prove (JTU) and (fL8)l . By (|5Tj) . (jlUTj) and ([TO]) . 

||«(*,a:,y) - Vcit^ix - x(t,y))\\ L 2 {R 2 } <\\v(t)\\ L 2 {R 2 } + ||^ c ( t)!/ )||i,2( a 2) 

<M 3 (oo) +Mi(oo) , 

\\e ax (u(t,x + x(t,y),y) - ip c ^ y) (x))\\ L2 < \\v(t)\\ x + ||V> c (t lV )IU 

< M 2 (oo)(<)- 3 / 4 +Mi(oo)e- a(4t+L) (t)- 1/4 . 

Since \\f\\ L °° < ||/||y 2 ||<VHy 2 for any / G Y, we see that and $L7§ follow 

immediately from (|11.3p and (|8.12[) . Thus we complete the proof of Theorem ll.il 

□ 

12. Proof of Theorem 11.21 

In this section, we will prove orbital instability of line solitons. For the purpose, 
we will utilize that (b, x y ) is a solution to the diffusion wave equation (|7.2j) and its 
profile can be approximated by the heat kernel in some region. 

Proof of Theorem ] 1.21 First we remark that if ||u(£, a;) — f Co (x — 2o)||l 2 (r 2 ) < °°> 
then Xq = 2cot. Indeed, it follow from [29] that u(t, x, y) — ip Co ( x ~ 2coi) G L 2 (M. 2 ) 
for every t > and 

\\(p Co (x - 2c i) - (fi Co (x - x )||l 2 (r 2 ) 

<\\u(t,x,y) - tf Co (x - a;o)|U 2 (R 2 ) + \\u(t,x,y) - ip co (x - 2c i)|| L 2 (R 2 ) < oo , 

whereas ||<^ co (- - 2c t) - ip(- - x )IIl 2 (r 2 ) = oo if x a ^ 2c Q t. 
On the other hand, Theorem 1 1 . 1 1 implies that 

IK*! ~ ¥>c (x - 2c i)|| L 2 (R 2 ) 
>ll^c (^ - x(t,y)) - (p eo (x - 2c i)|| L 2 (R 2 ) - \\u(t,x,y) - <p c (t, y )(x - x(t,y))\\ L 2 (R 2) 

- \\<Pc(t,y)(x - x(t,y)) - if co (x - x(i,y))|| i 2 ( R2 ) 
>\\x(t, y) - 2coi|| L 2 (R) - 0(e) . 

Thus to prove orbital instability of line solitons, it suffices to show that \\x(t, -)||l 2 (r) 
grows up as t — > oo. 

Now we will construct a solution satisfying \\x(t, -)\\y > t 1 / 4 as t — > oo. We may 
assume that c = 2 without loss of generality. If 6(0) and x y (0) are sufficiently 
small and J R b(0)dy is nonzero, then e tA ° (6(0), x y (0)) is expected to be the main 
part of the solution (b(t),x y (t)). To investigate the behavior of e tA ° (b(0) , x y (0)) , 
we represent the semigroup e tA ° by using the heat kernel H t (y). Let 
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Note that Ao,i is equal to A* in Lemma B~2l and that Aq_ 2 = 0(7?j) ' 

Let Ui(t, s) be the 2x2 matrix such that 

d t Ui(t) = Ai{t,Q)Ui{t) , lim Ui(t) = 1. 

t— tOQ 

Since \A x (t, 0)| < e~ a ( 4t+L ) for t > 0, we have sup T > t \U x {t) -I\< e - a(4t+L \ Now 
let 



(b(t) 

\Xy(t) 



Ui(t) 



Then 



(12.1) dt [I'fh = (A (D y ) + D y A 2 (t, D y )) (l 1 f t n+J2U 1 (t)- 1 di a g(l,d y )N- i , 



lit) 



hit) 
Ht) 



hit) 



lit) 



i=l 



where A 2 (t,i]) = A 21 (t, 77) + A 22 (*, 17) and 

^21 (t,»7 J = , 

Clearly, we have || A 2 (i, -Dy) || s{y) ^ e~ a ( 4t+L ). By the variation of constants for- 
mula, 

hit))' 6 [b 2 (0), 



TVi + IV 2 + IV 3 ■ 



where 



h(s] 
his] 



7Fi = f e^-'^ltfAoj 
Jo 

8 r t 

IV 3 =Y] / e ( *- s)Aoi [/ 1 ( S )- 1 diag(l,5 y )M(s)d S . 



Let h € Cg°(— 770, ?7o) sucn that /i(0) = 1 and let 

w(0,a;,y) = ^ 2 +c,(y)(^) - ^2+c r ( y )xi x ) > c *iv) = 2 + £ i J7 v lh ^iy^ ■ 
Then it follows from Lemma [5.21 that c(0,y) = c*(y), x(0,y) = and u(0, •) = 0. 
Since ||6(Q) - c(0)|| yi < ||c(0)||$. by Claim El] and WU^t) - 7|| B(y) < e -< 4t+L \ 



(12.2) 



6l(0) 
62(0) 



-1 fb(0)\ fc(0) 



V 







< 



e(e + e- aL ) 



Since Ije*^ 1 \\b(y u y) $ (1 + t)~ 1/4 by Lemma l42l it follows from (fT2~2]) that 



62(0) 



< 



e(e + e- Qi )(l+7;) 



By Corollary S3 



t /cA _ 1 /2 (e 4t9 *(ff 2t *c*) + e- 4 *^(i/ 2t * c*)) 
J 4 I e 4 * s *(if 24 *c) - e- u8 *{H 2t * c.) 



-1/4 



<e(i)- 3/4 
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Since c* = eT 1 h and h(0) = 1, it follows from Plancherel's theorem that 



Pi{e ±iM *(H 2t *c*)-ee ±Atd »H 2t } 



= e 



Y 



e- 2 ^(h(r,)-h(0)) 



i 2 (-»)0,l)0) 



< e sup|fc'fa)|||^- 2 *" \\l'(- V0 , V0 ) < e(t) 
v 



Thus we have 



(12.3) 



JA 



0ll fh{o) 

b 2 (0) 



2 (e 4td « H 2t + e~ 4ta y H 2t ] 
e itd v H 2t - e~ 4td y H 2t ' 



<e(e + e- Qi )(t)- 1 / 4 + e(t)- 3 / 4 . 
In view of the proof of Theorem II. 1[ we have for k = and 1, 
su P (<)( 2fc+1 >/ 4 (||&i(i)||y + ||6a(t)|k) < Mi(oo) < e. 



t>o 



By Lemma 14.21 and Claim 14.11 

(12.4) J ° t 

<M x (t) / (i-s)- 1 (s)- 3/4 ds<e(i)- 3 / 4 log(t), 

and 
(12.5) 

<Mi(t) / (t-s)- 1 / 2 e- a ( 4s+i )<s)- 1 / 4 (is<£<t)- 1 / 2 
Jo 

Using Lemma we can prove 



ll^allr < / \\d y e^~ s ^\\ B{Y) \\A 2 ( s ,D y )\\ B{Y) (||6i(«)||y + ||& 2 (s)||y) 



(12.6) 



ll^slly < (t)- 1/4 (M 1 (oo) 2 +M 2 (oo) 2 ) <e 2 (£)- 1/4 



in exactly the same way as the proof of Lemma 17. II Combining (|12.3[) - (|12.6[) . we 

have 



e 4td yH 2t - e~ Atd yH: 



21 



< 



:(e + e- ai )(t)- 1 / 4 + £ (<)- 1 / 2 . 



Since |C/i(i) - J| < e - a ( 4t + L ) and ||(I - PO/f^H^ < e~ 2t "°, 

(12.7) ^(t) - J (e 4ta *JJ 2t - e- Atd »H 2t ) < e(e + e- aL ){t)~ l l A + e(i)- 1 / 2 . 

4 L 2 

Now let <ii and c?2 be constants satisfying d 2 > d\ > 1 and let yi 6 [— it + 4(di — 
l)Vt, -4t + 44V*], 2/2 € [-4t + id 2 Vi, -it + i{d 2 + l)Vt\ for t > 0. By flXTT) . 
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there exist positive constants Ci, C 2 and t\ such that 



x(t,y 2 ) - x(t,yi) 



x y (t,y) dy 



> 



e f V2 

- (H 2t (y + 4t)-H 2t (y-U))dy 



{y2-yi) l/2 



x y (t)-~(e* t9 *H 2t 



d 2 Vi 



diVt 



H 2t {y) dy-Cie(s 



^ — aL 



e- itd «H 2t ) 



L- 



=e ferf(\/2d 2 ) - erf(\/2di)) - C x e{e 
>C 2 e for t>ti, 



<t>- 1/4 ) 



(0 



-1/4N 



if e and e aL are sufhciently small. Recall that erf (a;) = ^= f^e Xl dx\. Since L 
is an auxiliary parameter introduced in Section [5] which can be chosen arbitrary 
large, we see that \x(t, y)\ > C 2 e/2 either on [— At + 4(di — l)v£j — 4i + 4<iiV / i] or on 
[-At + Ad 2 y/t, -At + A(d 2 + l)Vt}. Therefore ||z(i)||y > e(i) 1/4 . Thus we complete 
the proof. □ 



13. Proof of Theorem 11.31 

In order to prove Theorem 11.31 we will show that the first order asymptotics 
of solutions to (I12.ip around y = ±At + 0(^/i) is given by a sum of self-similar 
solutions to the Burgers equations. We apply the scaling argument by Karch (|20j) 
to obtain the asymptotics of (|12.1[) and use a virial type estimate to show that 
interaction between bi(t,y) and b 2 (t,y) tends to around y — ±At + 0(\/i) as 
t — > oo. Since sup t>0 t 1//4 (||&i(i)||,L 2 (R) + ||^2(^)||l 2 (r)) "C 1, we have the uniqueness 
of the limiting profile. 

Roughly speaking, a solution of (|12.1I) can be decomposed into two parts that 
move to the opposite direction. Now we recenter each component of solutions to 
(|12.1[) and diagonalize the equations. Let A* (77), IT (77) and 01(17) be as (|4.6j) with 
fj, = //3. By the change of variables 

b(t,») = > n i(<^) = ^-n,(r7)diag( e 4 ^,e- 4 ^), 

d(t,y) = J^ 1 n 1 (i,7 ? )- 1 (J- J/ b)(t,j 7 ), 

we have 

8 

(13.1) d t d = {2dp + d v {A 3 (t, D y ) + A 4 (t, D v ))}d + A 5 (t, Dy) diag(l, d v )M t , 

i=l 

where 

A 3 (t,r,) = (cj(t,) - i) - J?7 - 1 n 1 (t,r ? r 1 (A (r / )-^(r7)), 

A 4 (t, v ) = -iniCi^j-^a^r/jni^jy) , A 5 (t,7?) = il^)- 1 ^)- 1 . 
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To detect the dominant part of the equation, let us consider the rescaled solution 
d\(t, y) = Xd(\ 2 t, Xy). Our aim is to find a self-similar profile doo(i, y) such that 

(13.2) \d os {\ 2 t,\y)=d x {t,y), 

and that for any t\ and £2 satisfying < t\ < ti < 00 and any R > 0, 

(13.3) lim sup \\dx(t,y)-d oo (t,y)\\ L 2Q y \ <R) =0, 

A ^°°te[ti,t 2 ] 

If (fLT2f and (fLT3)) hold, then letting A = t 1 ' 2 — > 00, we have 

tV'UdCt, •) - docCt, Oll^d.KHVt) =A 1/2 ||d(A 2 , •) - d co (A 2 , .)||l"(|v|<ab) 

= ||d A (l, •) - doo(l, -)\\l^{\ v \<r) -> 0. 

To prove (|13.3p . we need the upper bounds of d\(t) for fc = 0, 1 that do not depend 
on A > 1. 

Lemma 13.1. Let e be as in Theorem ] 1. 11 Then there exists a positive constants 
C such that for any A > 1 and t € (0, 00), 

(13.5) Yl K* d A(*, -)IU» < c £ t-( 2fc+1 )/ 4 , \\d 2 d x (t, -)\\ L2 < CsX^t- 1 , 

fe=0,l 

(13.6) \\d t d x (t, -)\\ H - 2 < C(t-^ 4 + t- 3 / 2 )e . 

Proof. Since Mi (00) < e by () 1 1 . 3|) . we have 

J] sup(t)( 2fc+1 )/ 4 ||a„ fc d(t)||y + (*)||^d(t)||y <s. 
k=o,i *-° 

Thus we have 

\\d*d x (t,-)\\v =x (2k+1)/2 \\d k y d(\ 2 t,-)\\ Y 

< A (2fc+l)/2 (1 + A 2 t) -(2fc + l)/4 £ < t -(2*+l)/4 e for fc = Q) ^ 

||d 2 d A (i, < A 5 / 2 ||5 2 d(A 2 i, -)||y < A 5 / 2 (l + A 2 i)-! £ < A 1 / 2 ^^ . 
Thus we prove (|13.5j) . 

Next we will show (jl3l)]) . Let AT'(i, y) + d v Af"(t, y) = diag(l, c\,) Ei=2-^(*' 2/)' 
A/I(i, y) = A¥(A 2 (, Ay) , M' x % y) = \ 2 N"{\\ Xy) , 

Then (|13. 1[) can be rewritten as 

d t d x = {2d 2 y I + \d y (A 3 (X 2 t, \- l D y ) + A A (X 2 t, A- 1 A,))}d A 

+A 5 (\ 2 t } \- 1 D y ){d v (Nx+M x ')+K}- 

By (H2>, 
(13.8) 

||5 4 d A || ff -2 <2||d A || i2 +A||A 3 (A 2 t,A- 1 I?,)d A || if - 1 +A||A 4 (A 2 i,A- 1 I?,)d A || L2 

+ P 5 (A 2 ^, \~ 1 D y )(Af x +Mx)\\ L 2 + \\A 5 (\ 2 t, \~ 1 D y )JV x \\ L 2 

Now we will estimate each term of the right hand side. By (|7.3j) and the fact that 
01(77) = 4 + 0(r] 2 ), we have 

(13.9) ^(A^A- 1 ??)! < A- 2 r/ 2 . 
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Thus by (|13.5|) and Plancherel's theorem, 

AU^A^A-^cIaIU-! ^A-'IK^-V^dA)^ t,)\\l> 

<\~ 1 \\d y d\(t, -)\\ L 2 < A _1 t~ 3 / 4 e. 

Since \\A 4 (t,Dy)\\ B(Y) < \\ A 2 (t, D y )\\ B{Y) < e -< u+L \ it follows from ([133| and 
the scaling argument that 

A||A 4 (A 2 i, X~ 1 D y )dx(t, -)\\ L 2 ^ 2 \\A 4 (X 2 t, D y )d(\ 2 t, -)\\ Y 

(13.11) <A 3 /2 e -a(4A 2 t +i)|| d(A 2 t; 

<Ai- 1 / 4 e- Q ( 4A2i+i )e < X-^H-^e . 
Following the proof of Lemma T7.ll we have for t > 0, 

(13.12) \\M\\ Y < (<)- 3 / 4 e 2 ||7V'||y < (t)- 3/2 e 2 , \\M"\\ Y < (t)~ 5/4 e 2 . 

Nonlinear terms decay i -1 / 4 times faster in (|13.12j) than those in (|7.6|) and (|7.12p 
because Y and Y\ have the same scaling as L 2 (R) and L (M), respectively. By 

\\N X \\ L 2 = X^ 2 \\N(X 2 t, -)\\ Y < A 3 / 2 (l + A 2 *r 3/4 e 2 < ^ 3/4 e 2 , 



\\M' X \\ L 2 = X^ 2 \\M'(X 2 t, .)\\ Y < A 5 / 2 (l + A 2 i)- 3 / 2 e 2 < A- J / 2 <- 3 / 2 



2 



|K|| i2 = A 3 / 2 ||AA"(A 2 i, 011^ < A 3/2 (l + A 2 t)- 5 / 4 e 2 < X^'H^'h 
Since sup A>1 || A 5 (A 2 i, X~ 1 D y )\\ B ( L 2j < 1, we have 

(13.13) \\A 5 (X 2 t, X- l D y )ti x \\ L 2 < t' 3 / 4 e 2 , 

(13.14) \\A 5 (X 2 t, X- l D y )N^\\ L 2 < X-^t-ySe 2 , 

(13.15) \\A 5 (X 2 t, X^ 1 D y )N'x\\L 2 < X-^ 2 t- 3 / 2 e 2 . 

Combining (fT3T5j) and ([l^ - (liXlT|) . (HSUSl) (HSUSJ) , we obtain (HSU). □ 
By Lemma \l 3 . 1 1 and the Arzela-Ascoli theorem, we have the following. 

Corollary 13.2. There exist a sequence {A„} n >i satisfying limn-^ X n — oo and 

dooC^y) such that 

d Xn (t,-) -t doo(V) weakly star in L% c ((0, oo); H X (M)), 
d t d Xn (t, ■) dtdooit,-) weakly star in L% c ((0, oo); iJ~ 2 (R)), 

supt^HdooWH^ <Ce, 
t>o 

where C is a constant given in Lemma \13.1\ Moreover, for any R > and ti, t 2 
with < ii < t 2 < oo, 

lim sup ||d A „(i, •) -doo(^, Olk^iyKi?) = 0. 

Next we will show that doo(t) is a self-similar solution to a system of Burgers 
equations. To begin with, we will prove the following. 

Lemma 13.3. Let doo(i) = l {d + (t, y), d- (t, t/)). Then for t > and y e M. 

( d t d+ =2d 2 yd++Ady{d 2 + ) 1 

\d t d„ =25 2 d_-4^(d_) 2 , 



(13.16) 
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(13.17) Urn / d oo (t,y)h(y)dy = V2n(J r y d)(0,0)h(0) foranyheH 2 (l 



whe 



d(t,y) =d(t,y) 



A 5 (s,D y )M'(s,y) ds. 



Proof. Let d A (t, y) — Ad(At, X 2 y). The limiting profile of d A (t) and d\(t) as A — > oo 
are the same for every t > 0. Indeed, it follows from (I13.15[) that 



\d x (t,-)-d x (t,-)\\ L , < 



(13.18) 

By mm, 

(13.19) 



^(A^A^A^A/I^y))) ds 



<\- 1/2 



d t d x =2d 2 y d x + Xd y {(A 3 (\ 2 t, \- l D y ) + A 4 (X 2 t, A- 1 A,))}d A 
+ d y A 5 (X 2 t, X~ 1 D y )(Af\ +ATZ) , 



and we have sup A > 1 \\d t d x (t, -)\\ H -2 < r 1 / 4 + /r 7 / 8 from (fT33j) . (fmUl) . (imp) . 
Ilia . CHI and imi . Thus fort >s>0andfee H 2 (R), 



d\(t,y)h(y)dy - / d x (s,y)h(y) dy 



<C{(t-s) 3 ^ + (t-s)^ 8 } : 



where C is a constant independent of A. Passing to the limit as s 1 in the above, 
we obtain for t > 0, 



(13.20) 



d x {t,y)h{y)dy - / d A (0, y)h(y) dy 

: JR 

Since d(0, •) G Y x by the definition and \\N'{t, -)\\ Yl < (t)~ 5/4 , we have 
di(0,y) = d(0,y)+ / A 5 (T,^)AA'(r,y)drer 1 , 



and it follows from Lebesgue's dominated convergence theorem that 

d A (0, y)h{y) dy = J (^0(0, A" 1 ^- 1 /*)^) dry ->■ VfcF^diXO, 0)^(0) 

as A — > oo for any h E H 1 (M.). Letting A = A„ and passing to the limit as n — » oo 
in (|13.20p . we see that (|13.17p follows from Corollary [13721 
Next, we will show f|13.16|) . By Corollary [1372] and (|13.18p , 

(13.21) d t d Xn - 2^d A „ -> ^doo - 2Sgd OD . 
By (fmUl) . HITil and CHI . 

(13.22) A{(A 3 (A I 2 l t, X- x D y ) + A 4 (X 2 n t, A^A,))}d A „ + A 5 (X 2 t, X~ x D v )J\f Xn ->■ , 

as n — ► oo in X>'((0, oo) X 1). 

Now we investigate the limit of N x . Let 



d X {t,y) 



d-,\(t,y) 
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By the definition of d(t), 

(b(t,-) 

\Xy(t,-) 

Since \U x {t) - 1\ < e - a ( 4t+L > and 



tfi(t)ni(t,D„)d(t,-). 



(13.23) 
we have 

(13.24) 



(4i) II*(A 77) - 



2 2 
1 -1 



< A ^^rjquadioT A > 1, 



b(X 2 t,X-) 

v 



Xy(\ 2 t, A') 



e 4A ^d+, A (i,-) 
4 -4; V v e- 4Ai9 *d_ iA (t,) 



L 2 



<(A" X + e- 4oA *)||d A (t)||ffi < (A" 1 + e- 4oA ^(i" 1 / 4 + t^ 4 ) . 

Recall that (n x ,n 2 ) = (66x a , 2(c - 6) + i{x y ) 2 ). Since ||ni(t)|| L i + ||n 2 || L i < t~ 1/2 , 

||A/ A -A 2 (n 1 ,n 2 )(A 2 ^A.)||H-i 
(13.25) =A||(r7) _1 (J>i, J> 2 )(A 2 t, A _1 77)|| L 2 (H > A%) 

^{WmixX -)\\ L , + ||n 2 (A 2 i; -)IU0 < (Ar 1/2 • 

Combining (|13.25|) with (|13.24[) . we have 

X 2 (Pmx)(X 2 t, A-) - 12{(e 4A ' 9 ^+, A ) 2 - ( e - 4Ata ^-, A ) 2 } 



(13.26) 



h- 1 



<C(t)(X 



-1/2 , p -4aA 2 tx 



where C(t) is a monotone decreasing function of t. Claim HXHI implies 



b-5--P 1 (b 2 



<\\b\\U\b\\^<\\d\\ 2 L2 \\d y d\\ L2 , 



whence 



b-~c--P l {b 2 ) (X%Xy) 



^A-^ldAll^H^dAlU- 



<x-H- 5 ' A . 



We can obtain A 2 



(/-P 1 )& 2 (A 2 t,Ay) 



Combining the above with (|13.24j) and (|13.25l) , we have 



H- 1 



< (Xt)- 1 / 2 in the same as (|13.25|) . 



(13.27) 



A 2 (Pm 2 )(A 2 t, A-) - 2{(e 4AW ^ + , A ) 2 - 4(e 4At< ^+, A )( 



-4Ata„ 



+ (e- 4Ats "d_,A) 2 }|| if _ a < C'it^X- 1 ' 2 + e- iaX t ) , 
where C'(t) is a monotone decreasing function of t. Since 



(13.28) 



40I*(A-Sr 



,-u-i_iA 2 
Hi -2. 

it follows from (|13.26l) and (I13.27[) that 
(13.29) 

\2 



< A - 17 for A > 1, 



A (X 2 t X-'D W , f 2<,A-2d + ,A(e- 8A ^d-,A)-(e- 8A ^d-,A) 2 



H- 2 



^Cit^X- 1 / 2 + e~ iaX *), 
where C(i) is a monotone decreasing function of t. 
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Next, we will show that e ±4Xtdy d+ y \ locally tends to around y = ±4At. Let 
a > and C± (y) = 1 ± tanh ay. Then we have < £± (y) < 2, < ±C± (y) < a and 
< \C±(V)/C±(y)\ < 2a for yel. By 

\H C+(y-8Xt)d 2 + .A^y)dy + ^ f C+(y - 8Xt)d 2 + M,y)dy 



2 dt „ „ 

< / C+(y-8At)(d + , A ) 2 (t,y)d2/-2 / C+(y-8At)(5,d + . A ) 2 (t, 2 /)dy + ^ : 
it Jr 

where 

y =(2 + a)AP3(A 2 t,A- 1 ^,)d A (0|U 2 ||d A (0|| ffl 
+ (2 + a)A||A 4 (A 2 i, A- 1 J D y d A (t))|| L 2||d A (i)|| H i 

+ (2 + a)||d A (t)|| H1 ||A 5 (A 2 i,A- 1 ^)(A^ A W+Aa'(t))||L 2 
+ 2||d A (t)|| i 2||A 5 (A 2 t,A- 1 A J )AA A (t)|| i2 . 

Using Lemma 113.11 and (113.9)) , we have 

(13.30) X\\A 3 (X 2 t, A- 1 ^)d A (t)|| L2 < A" 1 / 2 *" 1 . 

By Lemma rmi (fHTTj) . (HHII3I) (HSHS1) and ([TOO)) . 

y < A -V4 (t -9/8 + r 9/4j + ^-1 + t -3/2 _ 

If a is sufficiently small, it follows that 



- C+(y- 8\t)d 2 + Jt, y) dy + 4X C+iv - 8Af)4, A (t, J/) cfy 

(13.31) « r JR 

^A^ 1 / 4 ^ 9 / 8 + r 9 / 4 ) + Cft" 1 + r 3 / 2 ), , 

where C is a positive constant independent of t > and A > 1. Let < t\ < t 2 < oo. 
Integrating (I13.3ip over [^1,^2], we obtain 

(13.32) < / 2 / C+(y- 8Xt)d 2 + Jt, y) dydt < Clt^)^ 1 , 



where C(t\,t2) is a constant independent of A > 1. We can prove 
(13.33) 0<- I' I C-(y + ^t)d 2 _ x (t,y)dydt<C(t 1 ,t 2 )\- 



in exactly the same way. By (|13.32|) and (|13.33[) , 

Urn ||4fc > A|| ia([tl , ta ] xB ± ) = 

for any R > 0, where = {y e R | |y =p 8Ai| < R}. Combining the above 
with Corollary [T321 (fTBTT)) . (|13.21l) . (|13.22[) and (|13.29|) . we see that satisfies 
(IT3~T6l) . □ 



Now we are in position to prove Theorem 11.31 
Proof of Theorem[TM By Corollary [LLl 

ll^(4)(t,.)|| ff -<l|doo(i,-)ll!2<^ 1/2 , 
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whence d y (d±{t) 2 ) € Lj oc ((0, oo); iJ- 2 (R)). Combining the above with (|13.16|t and 
(|13T7| . we have d±(t) e C([0, oo); H~- 2 (R)) and 

(13.34) d±(t) =c ± H 2t ±4 e 2 ^ d yd y (d ± (s) 2 )ds, 

Jo 

where (c+,c_) = v / 27r(^ r i/di)(0, 0). If we choose m± € (-2^2, 2^2) so that 

/ R ^' 2/)dy= ^ 1 ° g (2^^) =C± ' 
then itg(i) is also a solution to (I13.34[) satisfying sup t>0 t 1 / 4 ||u^(t)||i2 < e. Let 
||w||w = sup t>0 i 1 / 4 ||w(t,-)|U=OR)- Since ||<9 y e 2 * 9 ? || B(L i. L 2) <i~ 3/4 , 

\\d± - u%\\ w <4supt 1 ^ /" ||5 v e a {*-)^|| B(i x. £a) ||d±( a ) a - tii(s) a |U^ ^ 

t>0 Jo 

<(||d±lk + \\u%\\w)\\d± - 4llwt 1/4 [ (t - S )- 3/4 s- 1/2 d s 

Jo 

<e||d± - u%\\ w ■ 

Thus we have d±(t,y) — Ug(t,y) for small e and (I13.3[) follows from the unique- 
ness of the limiting profile d oc (t.y) = (d + (t,y),d-(t,y)). Obviously d oc (f,y) = 
(ug(t,y),Ug(t,y)) satisfies (|13.2I) . Now Theorem 11.31 follows immediately from 
(|13.4I) . (|13.24|) and the definition of b(t,y). Thus we complete the proof. □ 



Appendix A. Proof of Lemma 16.11 

To prove Lemma 16.11 we need the following. 

Claim A.l. Let <p c (x) — csech 2 (y / c/2x), tp — (p% and d^tp = d^ip c \c=2 for k e N. 
Then 

2 . 16 



(A.l) / ip{x)dx = A, / ip{xydx 

JR JR «J 

(A. 2) / (p(x)d e if(x) dx = — / <p'(x) I / d c ip(z)dz 



(A.3) / <p(x) / d c (p(z)dz ) dx = / <p(a;) / d c ip(z)dz = 2 , 

JR \Jx / JK \J-00 J 

(A.4) f(p(x)([ d 2 <p(z)dz) dx = ~ , fd c ip(x)(f d c <p(z)dz) dx ' 



\J—oo / z 

(A.:,) / I / ( J„.-CW/; j I / ;-K/: ) dx = ± - ^ , 

96 16 ' 

Proof. Eq. (|A.ip can be obtained by using the change of variable s = tanhx. Since 
(A.7) ip c (x) = ^(V^z) , 



(A.6) / / d 2 Mz)dz / dMz)dz 



3/2 

lc=2 



95 dx = 2 . 
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Using (|A.7|) . we have 

x 1 i i 

d c ip(x) = -ip'(x) + -cp[x) = -(xlpY + ~<p , 

x 2 3x 1 1 

(A.8) d 2 c ip{x) = ^"{x) + -^f'(x) = —{x 2 <p' + x V )' - — if, 

xcp tanhx=Fl f°° _ 9 x tp' + xip tanhx 

Q cV = —r + ^ , d£<p = 



4 2 J x cr 16 

By (|A.8[) and the fact that ip is even, 



<W j I r[ I <>rr ) = l / y=2. 

v / : ^ / v = > 



By (El, 



d c tp(z)dz j d c ip(z)dz j dx 

I fx 1 , \ 2 1 , 

— w H — tanhx > dx 

4 V 4 2 / ( 

=— / sech 2 x f x sech 3 x sinh x / x 2 sech 4 rccfa 

4 7 2J 4 

Wo ,4, 7T 2 -6 

' seen xdx = — - 



4 7 36 
Here use the fact that / °° eX x +1 dx = j^. We have (|A.6|) in the same way. 

Now we are in position to prove Lemma 16.11 

Proof of Lemma \6.1\ By Claims IA.1I and 12. 1[ 

Gi= £i(p c (z)dz 
Jr 

= 3Xyy (fi 2 ~ (C t - QCyXy) / f C 3 C ^ C 



+ 3Cyy j (fi C J d C (p C + 3(Cy) ^ if > C ^ 8 ^ C 

-- 1Qx vv(^) 1 - 2 ( c * - ^ x v) (|) 7 +6c OT -^(c y ) 2 
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6.3 



and 



(|) ' G 2 = J li (J d c y c {z)dz\dz 
--(x t -2c~3(x y ) 2 ) fcp'Jf 8 C ^ C 



+ 3Xyy Wei d C lfc - (Cf - QCyXy) / 8 ^tf c / d C if , 



— oo 
oo 



+ 3c yyJ [J dciPc ){J 9 *) +3 wj(j ciPc )\J dc(p 

o/C\^/^ 1 / C \ ~ ^ / C \ ~ 3/2 

= - 2{x t - 2c - 3(x !/ ) ) I - + 6x TO - -(ct - 6^) I - + /Jic^ - 



-5/2 

□ 



Appendix B. Operator norms of S£ and C, 



Claim B.l. There exist positive constants 771 and C such that for rj £ (0,771], 
3 € Z> , k = 1, 2 and f e L 2 (R), 

(B.l) K^bc](/)(t, .)||y < q|e az g2 || L2 ||a^Pi/||y , 

(B.2) K$fec](/)(V)II* < CHe-^IUHI^Pi/lly, , 

(B.3) [9„,^[g c ]] =0. 

Proof. Since the Fourier transform of Sj.f can be written as 

(B.4) F y {Slf){t,rj) = lH^jM/fa) | dzq 2 (z)g* kl (z, 77, 2) , 

we have [Sy,^] = iJ r v ' 1 [n,J 7 y (Slf)(t,ri)] = 0. Since 

< l|e az g 2 (^|| i2 



sup 

ne[-no,??o] 



dz <l2{z)g* kl (z, 77, 2) 



by Claim iHl we see that (|B.1|) and (|B.2I) follow immediately from (|B.4|) and (|B.3|) . 

□ 

Claim B.2. There exist positive constants r\\, S and C such that if rj £ (0,771] and 
Mi(T) < S, then for k = 1, 2, t G [0,T] and f e L 2 (M), 

(B.5) \\S 2 [q c }(f)(t,-)\\ Yl <C sup (||e a ^ c || L2 + || e a ^ c( 7 c || i2 )l|c||y||/||L 2 , 

c£ [2-5,2+5] 

( R6 ) <C £ sup ||e^ c || L2 (|| Cy || y ||/|| L2 + || C || y ||^/|| L2 ), 

i=l,2 c6[2-5,2+5] 

(B.7) ||5 2 [ (Zc ](/)(t,.)||y <C £ sup || e ^ c || i2 ||5|| L ~ ||/|| L2 , 
(B.8) \\[d y ,S 2 k [q c }}f(t,-)\\ Yl <C SU P He a ^ c || L2 || C ,||y||/|| L2 . 

0<i<3 c ^ 2 - S - 2 + S } 
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Proof. By the definition of g k2 , 

sup sup / g* k2 (z,-q,c)dz 

ce[2-<5,2+(5] M<J7o JR 

Since 



< sup (\\e az q c \\ L 2+\\e az d c q c \\ L 2) 

ce [2-5,2+5] 



J 7 y(S 2 k [q c ]m, V ) = J dye-^.f{y)c{t,y) 1[ -^ {rl) J dz g* k2 (z,r,,c(t,y)) , 
we have 

\\S 2 k [q c ](m, 01k =\\^y(S 2 k [Qc](f))(t, v)\\ L ^_ VOtVo] 

< sup (\\e az q c \\ L 2+\\e a *d c q c \\ L 2) [ \f(y)c(t,y)\ dy 

cg[2-i\2+<5] J 

< sup (||e" 9o || z j + \\e az d c q c \\ L ,)\\f\\ L 2\\c\\ Y . 

ce[2-i\2+<5] 

Next, we will prove (|B.7p . Let 

i rVo r 

S 2 kl [lcKf)(t,y) = — / f{y 1 )c{t,y 1 )gl 2 {z,r 1 ,2)e i ^-^dyidzdr l , 

llT J-^o JR. 2 

S« fee] (/)(*, I/) = — / / /(yM^yifgU^^c^y^y^y^dy.dzdr,, 
2ir J J R 2 



where 

c — 2 

Then S k [g c ] = S kl [q c ] + S k2 [q c ] and we can prove 

\\S 2 kl [q c ]f(t,-)\\Y< £ sup ||e"fl*« c |Uj||c|U-||/|| La , 

0< l <2 cG [ 2 -^ 2+l5 ] 

(B.9) 

IM&fec]/(V)lk< E SU P H ea ^c9c|Uj||c|l! 4 ||/IU=, 

0<i<2 c e[2-<5,2+«5] 

in exactly the same way as (IB. II) and (|B.5|) . Since 

\\S 2 k [q c }f(t,-)\\ Y < \\S 2 kl [q c ]f(t,.)\\ Y + WS'Mfit,-)^ , 



(IB771) follows from jBJJ). 

Now we will show (|B.8|) . Noting that 



Fv([8y, S 2 kl [q c }] f)(t,v) = {V) J f(y)c y (t, y)e-^ dy J g* k2 (z, rj, 2) d 

([dy , S 2 k2 [q c }] f)(t,r]) = lh "° / ^ (??) / f(y)d y (c(t,yfg* k4 (z, V ,c(t,y)) 

V2n Jm 2 v 



x e~ im dzdy , 



we can prove (|B.8|) in the same way as (IB.5|) . Eq. (|B.6|) immediately follows from 
(|B.5|) and (|B.8|) . Thus we complete the proof. □ 

Next we will estimate the operator norm of S 3 [p](f). 
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Claim B.3. There exist positive constants r\\ and C such that for rjo G (0, r]i\, 
k = 1, 2, t > and f G L 2 (R), 

(B.10) \\S 3 k [p](f)(t, -)||y < Cer^+^We^pW^Whfh , 

(B.11) »](/)(*, 01k <Ce-^ t+L He az p\\ L 4P 1 f\\ Yx . 

Moreover, 

(B.12) [9y,S 3 kl \p}] = 0. 

Proof. The Fourier transform of S^f is 

(B.13) J- y (5f/)(t,r ? ) = l [ _ n0)%] (j7)/(7 y ) f p(z + 4t + L)yJ(z^jdz. 

By Claim [23 



p(z + 4i + L)gl(z, r\)dz 



< e -a(it + L) lle a Zp{z)h gup |je -o, 5 *( Z)J ,)|| 

(B.14) ■/ H<»?o 

< e -a(«+X,)|| e a» p(z) || £a- 

Combining ()B.13|) and (|B.14j) . we immediately have (|B.10|) and (|B.11|) . Eq. (|B.12|) 
clearly follows from the definition of S^. Thus we complete the proof. □ 

Claim B.4. There exist positive constants rjx, S and C such that if r\§ G (0, 771] and 
Mi(T) < S, then for k = I, 2, t G [0,T] and /eL 2 , 

(B.15) ||^H(/)(*,-)lln<Ge-^ t + i )||e°*p|| La ||c|| y ||/|| La , 

(B.16) ||[^,^ 2 b]]/(t,OI|Y 1 <Ce-°( 4 * +i )||e-p|U 3 ||c !/ || r ||/|U 2 . 

Proof. Since 

' ! ' f(y)c(t, y)p(z + U + L)g* 3 (z, Vl c(t, y^^dzdy , 



V27T 

we have 

ll3£M/)(V)lk <ll/IU»l|£|U»c- 0(4t+i) l|e o *J»||L a sup ||e— ^3^,^0)11^ 

c£ [2-5,2+5], 
»?G[-»?o,»7o] 

<e- ( 4 * +i )||/|U 2 p(i)||Y. 

Noting that 

1 /"Jo /■ 

[^,5 4 2 [p]] (/) = =-/ / /(!/!>(* + 4* + t?, c(t, yi ))} 

xe i ( y - yi ') r >dy 1 dzdr), 

we can prove (|B.16[) in the same way as (|B.15|) . Thus we complete the proof. □ 

Claim B.5. There exist positive constants r\\, S and C such that ifrjo G (0, 771] and 
Mi(T) < S, then for k = 1, 2 and t G [0, T], 

l|s£/lk + ll<sg/lk <c|Kv)IWI/IU*. 
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Proof. Using the Schwarz inequality, we have 

1 



\£%f\\ Yl = sup 

\v\<Vo V27T 



< 



sup 



v(t, z, y)f{y)d z g* k {z, 77, c(f, y))e w dzdy 
e- az d z gt(z, V ,c)\\Mt)\\ x \\f\\ Ll . 



c£[2-5,2+6], ■ne[--no,na] 
Since \\e~ az d z g* k (z, 77, c) || ^2 is bounded for c € (1,3) and 77 € [—770,770], we have 

\\stf\\ Yl <IKv)IHI/lk*. 

We can estimate St in exactly the same way. Thus we complete the proof. □ 

Next, we will estimate operator norms of Cu (k = 1, 2). 

Claim B.6. There exist positive constants S and C such that if sup te ^ t] ||c(t)||y < 
5, then for k — 1, 2 and t £ [0, T], 

||Cfc/||y<C||c|| L oo||^/|| r , 

Proof. Since ||c||i» < ||c|| y by RemarkO it follows that |c 2 - 4| < (2 + 0(<5))|c|. 
Thus we have 

||Ci/||y < ~ ||c 2 -4|| Loo \\P x f\\ L , < ||c|| l »||Pi/||y, 



L™>([-ri ,vo]) 



< c 2 -4 



L 2 



l^/IU' < Plkl|Pi/|| 



We can estimate Ci in exactly the same way. Thus we complete the proof. 



□ 



Claim B.7. There exist positive constants S and C such that z/sup tg [ n t] l|c(*)||y — 
5, then for k = 1, 2 and t G [0, T], 

\\{dy,C k ]f\\ Y <C\\c y \\ L ~\\f\\ L z, 

\\[d v ,C k ]f\\ Yl <C\\c y \\ Y \\f\\ L ,. 
Proof. Since [9j,,Ci] = P\cc y Pi, 

11^,^]/^ <\\Cy\M\f\\ L ,, 



< 



i°°([-»7o,t7o]) 



My||Pi/||y. 



We can prove the estimate for [cJ^Ca] in the same way. Thus we complete the 
proof. □ 
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Appendix C. Proof of Claims 17711 16.21 and 16.31 
Proof of Claims\KE and\6M Claims E3HE1 and O imply that for s £ [0,T], 

II^iIIb(f) ~l|£i||-B(y)||(l +C2)~ 1 ||b(y) 

< J2 (\\Sl[dc<Pc]\\B<y) + \WMbct)) < 1, 



(C.l) 



fe=l,2 



(C.2) 



H^ll^yy) ~ll^2||B(y,ri)ll(l +C2) \\b(y) 

< J2 (\\Sl[dc9 c }\\ B( Y) + \\SM]\\B(Y)) 



fe=l,2 



(C.3) 



\m\ B (Y)< e \\s 3 k m\B { Y)<e- a ^ +L \ 



fe=l,2 



fc=l,2 

By Claims E31 and HI 



\\S4\b { y, Yi ) < E (ll^M((v^-l)OllB(y;ro + II^M(c- 1/2 -)IU{y;yx) 

fc=l,2 

+ E ||(sfM + W])((v^-v^)-) 

fc=l,2 ( ' 1 ' 

< Edl^MII^ + II^Mbm))!! 2 ^ 

fe=l,2 

+ E (ii^mii B(y,ri) + b(y,y 1 )\\c\\l^) ■ 

fe=l,2 

Thus we have 

(C.4) ll&IU™ < M 1 (T)( S y 1 ^e^ 4s+ ^ . 

By Claims ES and HI 

(C.5) \\S 5 \\ B{Y , Yl) < E (l|S*llB(v,yO + WSIWb^y)) < M 2 (T)(,)- 3 / 4 . 

fc=l,2 

Obviously, 

(C6) Rllfl(y) + RIU(ro^»ta- 

By (l6~15j) . (l6~T71. . l|C~l j. - (lC~6). and the fact that F x c F, 

II-B3 - B x \\ B (y) <\\Ci\\b(y) + Vo E \\S]\\b(y) + E ll'^'ll-B(y) 

J'=l,2 i=3,4,5 

<Mi(T) + M 2 (T) + ijg + e- ai . 

Since i?i is invertible, we see that H-B^Hb^) is bounded for t G [0,T] if H-B3 — 
-Si||s(y) remains small on [0,T]. We can prove the boundedness of 1 1 1 1 1 s ( yi ) m 
the same way. This completes the proof of Claim [ 



08 



TETSU MIZUMACHI 



Using Claims IB. II and IB.3[ we can prove 

(C7) ||5i||B(r) + ||5i|U ( ^)<l, 

(C8) \\Ss\\b(Y) + WSsWbm < e~ a(4t+L) for t > 0, 

in the same way as (jC.lj) and (|C.3|) . Claim 16.31 immediately follows from (|C.6|) , 
(|C.7[) and (|C.8I) . Thus we complete the proof. □ 



Proof of Claim\71\ In view of (|oT5)) . 

3=1,2 .3=3,4,5 

Now we will estimate each term of the right hand side. By Claim IB. 71 and the 
definition of Cfc, 

(C.9) \\[dy,C k ]\\ B(YjYl) <M!(r)( s )- 3 / 4 for fc = 1, 2 and s G [0,T]. 

Since [3j,,5i] = by (O, we have [<9j,,5i] = 5i[C 2 ,5 y ](l +C 2 ) _1 . Thus by 
Claim HQ (JUTT]) and (I(l9l) . 

ll^.^llBcy.yo^llftlUcroll^AlllBCyirolKi + ^r'll^y) 
^(^(.s)- 3 / 4 for s S [0,T]. 

Applying Claims HTLJ El E3 and (Q to [d y ,S 2 ] = {[d y , S 2 ] + S 2 [C 2 , d y ]}{I + 
C 2 ) , we obtain 

\\[dv,S 2 }\\B(Y,Y 1 ) < WidyiS^WBiY^) + \\ S 2 \\ B{Y,Y t ) || [dy , C 2 \\ B {Y) 

< E (ll[ 5 v.^MII B(y , ri) + ||[fiv.^[^]]|| fl(y , yi) 

(C.ll) fc=l,2 



l|£2||B(y,Yi)lp2/,C 2 ]|| B (y) 



^ll c 3/l|y + ll g lkll c ylU~ < 



l!(T)( s )- 3 / 4 forse[0,T]. 



Since [0 y , S^] = by (|B~T2l . we have [^,63] = 5 3 [C 2 , <9 y ](7 + C 2 ) _1 . Hence it 
follows from Claims EJ E3 (|C3t and (jCl))) that 

(C.12) IP^Ikr.y) < ||S3||B(rolKlk < M^T)^)- 3 /^ 4 ^ . 

By (JU31), (JUS]) and ([06]), we have for s € [0,T], 

(C.13) II [dy, ^4]||s(Y,yi) ^ i)oMi(T)(s)" 1,,4 e _ °' 4s+t ' , 

(C14) \\[dy,S 5 }\\ B(YtYl) <r]oM 2 (T)( S )- 3 / 4 . 

Combining (|C.9|) (|C.14|) . we obtain Claim I7TT1 Thus we complete the proof. □ 

Appendix D. Estimates of R k 

Claim D.l. There exist positive constants 5 and C such that i/M^T) < 8, then 
forte[0,T], 

\\Rl(t,-)\\ Yl ^CM^Tfit)- 1 , \\d y Rl{t,-)\\ Yl <CM x {Tf{t)-^. 
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Proof. By Claims EU ES and flUJ) , 

Pfclk <\\c\\Y(\\x yy \\ Y + \\C VV \\ Y ) + \\C V \\ 2 Y (1 + \\C\\ L ~) 

<M 1 (T) a (s) _1 . 

We can estimate Hc^-R^llYi in the same way. Thus we complete the proof. □ 

Claim D.2. There exist positive constants 6 and C such that i/Mi(T) < 8, then 
forte [0,T], \\B%(t,>)\\ Yl < C^-^e-^+^M^T) 2 . 

Proof. We decompose R\ into three terms. Let 

1 f ( f°° 

R li=^Z / \ 9 z$c(t, yi )(z) - 3c yy (t,yi) / d c $ c(tm) {zx)dz x 



'-J70 



x gliz^cit^y^-^ d yi dzdr) 

1 

2^ 



c(*, a)f(z + 4t + L) - 3c w (t, yi ) / d*i 
x g* k {z,r))e l(v - yi)v d Vl dzdn , 

R k2 = ~^Z / {^(^c(t, yi )) + x yy^c(t, yi ) +3c v (t, yi ) 2 / dc$ c (t, Vl )} 



and 



7? :i 



A- 3 



xgliz^c^yijy^-y^dyidzdr), 

(V2c(*.W) - 2 ~ yi)) + 4t + L)Vc(t, Sl )(«) 
x d z gl(z,r h c(t, yi ))e^-y^dzdyd V 

c(t, yi ) 2 i>(z + At + L)g* k5 (z, r), c(t, y^e^-^dzdydq ■ 



where g k5 (z,r],c)* = {(p c (z)d z gl(z,r),c) - cp(z)d z gl(z,r])} /c. Then 7?| = Ei=i 

Let us estimate i? 3 ^ by using Claims IB~3l and IB~4l Since V^C^) = (2\/2c— 2)i/>(2+ 
4< + L), we have 

i& = W'] (2V2^ - 4 - c) + SfrlH (2v^ - 4) 

+ 35^5" V] (((2/c) 1/2 - l)c TO ) + 3^[5"V] ((2/c) 1/2 c w ) , 
i?L = - 24(S 3 + St)[(^y}((Vc - V2) 2 ) - 6V2(S 3 k + ^ 4 )[V]((v^ ~ V2)x yy ) 
- 3 -^(Sl + St)[d-^Kc'^(c v f). 

Since 2^-4 = 2 + 0(c" 2 ) and (2/c) 1 / 2 -! = 0(c) and P1L 1 C Yi, it follows from 
Claim El that 

\\SlW"]{2VTc - 4- c)\\ Yl < e-< it+L ^\\cf Y , 



V25 fe 3 [9-V] ((2/c) 1 / 2 - l)c 



< p -o(4t+i)||~| 



By Claim El 

\\SiW"]{Vc- V2)\\ Yl + \\Si[d-^]{c- l l 2 c V y)\\ Yl <e^ 4t+L )||c|| y (||5|| y + \\c yy \\ Y ) . 



I ~l I 2 

y 
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Thus we prove ||i$Jr a < e" a(4t+L) ||c||y(||c|| y + WcyyWy)- Similarly, we have 

Thus we complete the proof. □ 
Claim D.3. There exists a positive constant C such that 

\\Ai(t)\\ B(Y ) + Mx(t)||BCVi) ^ Ce- a ^ t+L ^ for every t > and L > 0. 
Proof. In view of (I6.7[) . 

a fe (t,A,)c =W'](2) + 35 fc 3 [a 2 -V](c w ) 

-6.F" 1 <P( Z M Z + 4t + L )dz9* k (z, rj)dz(Tyc)(t, 77) | . 

Hence it follows from Claim IB.3I and (|B.14[) that 

\\a k (t,D y )\\ B(Y) + \\~a k {t,D v )\\ B{Yx) < e -»(«+i) . 
Thus we complete the proof of Claim ID. 31 □ 
Claim D.4. There exist positive constants C and Lq such that if L> Lq, then 
\\Ai(t)\\ B (Y) < Ce- a(4t+L) for every t > 0. 

Proof. Since B x is invertible and \\S 3 \\ B (Y) < E*=i 2 II^MIUw < e - a ( 4t+i ), we 
have Claim EH □ 

Claim D.5. Suppose a € (0, 1) and Mi(T) < 5 If 5 is sufficiently small, then there 
exists a positive constant C such that 

(D.l) Pfc(*)lk <C(M 1 (T)+M 2 (r))M 2 (T)(<)- 3 / 2 , 

(D.2) < CM 1 (T)M 2 (T)(<)- 1 , 

(D.3) ll^lllyi < Ce- a ( 4t + i )(<)- 1 M 1 (T)M 2 (T) , 

(D.4) ||-Rfc(*)||r < CM 1 (T)M 2 (T)(t)- 5 / 4 , . 

Proof. By Lemma |2~21 and (|5.3|) , we can rewrite 7/^ as J/J = irjll^ + II k2 + Ill 3 , 
where 



Hl x {t,v) =-6 / c y (t,y)h lk (t, y ,rj)e- t y r 'dy, 
Jr 

II 1 k2 (t, V )=3 / cyy(t,y)h lk (t,y,r ] )e-^dy, 
Jr 

Ill 3 (t, V )=3 f {c v (t,y)) !i h2k(t,y,v)e- im dy, 
Jr 

hjk(t,y,v) = / v(t,z,y) ( / dlgl{z 1 ,i],c(t,y))dz 1 ) dz for j = 1, 2. 

\J-00 / 



First, we will estimate Il\{t, •)• Since 



sup 

-T7o<7J<r/o , 2-«<c<2+(5 

there exists a positive constant C such that 



9k( z i^V,c)dz 1 



< 00 . 

LI 



sup |/ijfc(t, y, ??)| < C\\e az v(t, z, y)\\L 2 for any y € R and t > 0. 

»7o<n<»7o 
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Thus by the Schwarz inequality, 



ll^fci(*»-)l|L-.(- n0)W> )<||c„(t)||y sup ( ( \h xk {t,y,ri)\ 2 dy) 
(_U.5; r)G[-r )0 ,r, ] \JM / 



1/2 



<IM*)||yIK*)||x. 



We can prove 

(D.6) 

(D.7) 



II ^2 (*>»7)IU~ [-770,770] £ l|cralkll«(*>-)IU, 
1 1 -^^3 (* > ^7) I U~ [- 770 ,170] ~ IKIIz^lK*) OIU 



in exactly the same way. 

Next, we will estimate 11% and 77f . Since 

sup \\e~ 2az g* k (z, -q, c)\\ L? < 00 , 

cG[2-5,2+5] ,i76[-i70.»?o] 



(D.8) 
(D.9) 

we have 

\\IIkh°°[-vo,vo] =3 sup 



sup (\\e- az g* k \\ L 2 + \\e- a *d z g* k \\ L2 + \\e~ az d c g* k \\ L2 ) < 

cG [2-5,2+5] , V £ [-770,170] 



<\\v" 2 



2 

X 



v(t,z,y) d z gl(z,r),c(t,y))e wv dzdy 



sup II e ^^(z,r7,c)|| L j 

cG[2-5,2+5] ,i7e[-i7oi»»] 



<lll>" 2 



and 



llJ/lxlli-l-^,^] < \\v\\x\\Xyy\\Y , Pf|k < || |U- [-,, ,„„] < NWM 

Combining the above, we have 



\m)\\Yx 



< sup (|/Ji(t,» J )H-|Jjf(t ) »/)|+|J/| 1 (t ) » J )|) 

-77o<>7<»7o 

2 



■)ll*(ll c v(*)lk + l|ci/s/(*)lk + llcyWIli* 

+ l|!Cl«/l|l') + IK*.OIIjf . 

which implies (|D.1[) . 

By the Schwarz inequality and (|8.1ip . 



\RIWy! < sup 
\n\<no 



v(t, x, y)ipc(t, y )dz9k( z i V, c(t, y))e tyn dzdy 



Z\Ht)\\xM c ( t ,y)\\x sup ||e 2az g* k (z,V,c)\\ L * 

cG [2-5,2+5] ,176 [-170^0] 

<e-^ t+L M\m\\ L i m Mt)\\ x . 

Finally, we will estimate ||J?|||y. Let 



Hk2i= 6 v(t,z,y)x y (t,y)gl(z,r))e im dzdy 



=6V2tt / J r v (x y (t,-)v(t,z,-))(rj)gl(z,ri)dz, 



n k22 = 6 / v (t, z, y)x y {t, y)c(t, y)g* k3 {z 1 77, c(t, y))e iyv dzdy . 
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Then 7/| 2 = 2Tf 21 + 1^22' By tne Schwarz inequality, 

ll^il <\\e- az gUz,v)\\Li (7 (*»(*. >(*, *, 0)MI 2 



1/2 



By (|D.9I) and Plancherel's theorem, 



\ H k2i II £ 2 l-vo,no] 



< 



\F y (x v (t,-)e az v{t,z,-)){r))\ 2 dzdr. 



1/2 



<IM*)«(*)llx 



Since 



\x y \\ L o 



< 



W\y 2 \\^vv\\y 2 £ M^T)®- 1 / 2 , we have 



l^fe2llU 2 [-)) :»)0] 



< 



L (T)M 2 (T)(i) 



-5/4 



By the Schwarz inequality, 

II^LJl^-^o] ^ll«(*)llx||a;»(*)c(t)||w 



sup || e az g* k3 ( Zl T],c)\\ L 2 

Vtl-Vo-Vo] , ee[2-<5,2+<5] 



<ll^(*)IUI|5(*)IU~lk y (i)||^ < M^rfM^TXt}- 3 / 2 . 

Combining the above, we have for t £ [0,T], 

\\Rl\W < ll^4 3 2illL 2 [- 1)0 ,r ) o] + II^IIl^-^o] £ M 1 (r)M 2 (T)(t)- 5 / 4 . 

Thus we complete the proof. 

To estimate Rj,, we need the following. 



□ 



Claim D.6. There exist positive constants S and C such that z/sup t6 [ T i ||c(t)||y < 
S, then forte [Q,T], 



(D.10) 
(D.ll) 
(D.12) 
(D.13) 
(D.14) 



\\b-c\\ Yl <C||c|' 2 



Y ■ 



b-c\\ Y <C\\c\\ L ~\\c\\ Y , 
fey - CyHv < C||c||z,oo||Cj,||y , - C y \\ Yl < C\\c\\ Y \\c y \\ Y , 

h - C t \\ Y < C||2||i,oo||c t ||y , 

b yy - c vv\W < C(l|c||i-||c TO ||y + ||cy|| L ~||cy||y) , 
b yy ~ c yy\Wi < C(l|c||y||c w ||y + \\c y \\ Y ) , 



(D.15) 

(D.16) 
Proof. By (|Q2l 



3/2 -l-^ 
4 



L 2 



<C\\c\\ L ~\\~c\\ Y , 



1 



b - c - -Pic 



<C||c| 12 



3/2 



2/ 



6 y - c y = P 1 {(c/2) 1 / 2 - l}c y , h-ct = Pi{(c/2) 1/2 ~ l}ct , 
6 W - c ra = Pi{(c/2) 1/a - l}c w + ip 1 (c/2)- 1 /2( % )2 . 



Using the fact that (c/2) 3 / 2 -l-3c/4-35 2 /32 = 0(5 3 ), we can prove (|D7TO]) - <|D7T4|) 
and (|D.16I) in the same way as the proof of Claim IB. 61 
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Finally, we will show (|D.15|) . Let P 2 = I - P\. Since P 2 c = and 



(I) 



3/2 



we have 



(I 



3/2 



L 2 



36 

T 



ft 



{(?) 



3/2 



C\3/2 

2v 



< llfill? 



Thus we complete the proof. 



□ 



Claim D.7. There exist positive constants S and C such that z/sup t6 [ T , ||c(t)|| 
5, then forte [0,T], 

(D.17) WPiRKs)^ < CMi(T) 2 ( s )- 5 / 4 , ||Pii? 2 7 WI|y 1 < CM^T) 2 ^)" 1 , 
(D.18) \\PiRl(s)\\ Y < CM 1 (T) 2 (s)-^ 2 , ||£i£(a)||y < CM^T) 2 ^}" 5 / 4 , 
(D.19) < CM!(T) 2 ( S )- 5 / 4 , ||^a„i^(s)||y < CM^T) 2 ^)" 3 / 2 . 

Proof. In view of (PHI)) and (|4~2"j) , 

'C\3/2 36 

2/ ~ 1_ T 



< 



|PiPllk <ll^l|y 

+ Why - CyyWv! + (\\b y - c y \\ Y + \\c\\ L °° ||cjy)||xj y + ||c 



y\\Y ' 



ll-Pi-^Iki ^ l|c||y||a; TO ||y + IK||y ||xj,||y + \\b yy - c yy \\ Yl + \\c y \\ 



Combining the above with Claim ITJ761 we have (|D.17|) . We can obtain (|D.18I) and 
(|D.19|I in the same way. Thus we complete the proof. □ 



Appendix E. Local well-posedness in exponentially weighted space 

The L 2 well-posedness of the KP-II equation around line solitons has been proved 
by Molinet, Saut and Tzvetkov ([29]) by using Bourgain's norm. In this section, 
we will explain well-posedness for exponentially localized initial data around a line 
soliton. 

Let u(t, x, y) — ip(x — At) + v(t, x — At, y) be a solution to (|2.1j) . Then 



(E.l) 



d t v = Cv - id x {v 2 ) . 



Proposition E.l. Suppose a > and vq G X n L 2 (R 2 ). If 5(0) = vq, then there 
exists a unique solution of (|E. 1|) such that for any T > 0, 

(E.2) 



v e L°°{0,T;X)riX T , 



where Xt is the auxiliary Banach space used in Theorem 1.1 of |29j. IfvQ G H 1 (M 2 ) 
in addition, then v(t) G C([0, oo); X). 

Remark E.l. The Banach space Xt is continuously imbedded into C([0, T]; L 2 (M 2 )). 
Moreover [29J Lemma 4.1] tells us that 

(E.3) v(t) G C([0, T);L 2 (R 2 )) n L 4 (0, T; L 4 (R 2 )) , 

and that v(t) G C([0, T); i7 s (M 2 )) if 5(0) G # S (M 2 ) for an s > 0. 
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Proof of Proposition \E. il To prove v(t) G L°°(0,T;X) for any T > 0, we will use 
the virial identity for the KP-II equation ([6]). Let a > 0, p(x) = 1 + tanhax and 
p n (x) = e 2an p(x - n) for n G N. Suppose w £ff 3 (K 2 )nl and d^vo G id 2 (K 2 ). 
Then by [29], we have G C([0, oo); -H" 3 ) and 0-% G C([0, oo); id 2 ). Multiplying 
(jE.ll) by 2p n (x)v(t,x,y) and integrating the resulting equation over R 2 , we have 

^ / Pn(x)w(t ja; ,y) 2 dxdy+ / j/„(x){3(fl x «) 2 +3(S- 1 ^,«) 2 -4« 3 } dxdy 



di 

JR 2 

By Claim 5.1 in [26], 

p n (x)v 3 dxdy < G\ I / w 2 dxdy] I / p^(x)£(u) dxdy ] , 

< \JR 2 / \JR 2 / 

where Ci is a constant independent ofueN. Hence there exists a positive constant 
C such that for every n G N, 

p n (x)v(t,x,y) 2 dxdy + 2 / p^(x) { (<9 X «) 2 + (e?" 1 ^) 2 } (s, x, y) dxdyds 
•■ Jo jr 2 

</ p„(x)w (x, yfdxdy + C / ||u(s)|| 2 2 ds . 
Jr 2 Jo 

By approximating a solution u(t) of (|E.1I) with v(0) = v £ X (1 L 2 (R 2 ) by a 
sequence solutions {«&(£)} of (|E.1I) satisfying 

v k {0)€H 3 (R 2 ), d^v k (0)eH 2 {R 2 ), lim ||5 fe (0) - Vo ||l 2 (r 2 ) =0, 
we have for any vo £ L 2 (R 2 ), 

p n (x)v(t,x,y) 2 dxdy < / p n (x)v {x,y) 2 dxdy + C / ||5(s)||| 2 ds . 

1 JR 2 JO 

Passing to the limit n — > oo, we obtain 

(E.4) Wfx < 11^111+ C / ||u(s)||i 2 d S . 



Since sup tg r <r] ||v(t)||ia(R3) < oo for any T > 0, we have (|E.2[) . 

Suppose v G id^R 2 ) n X. Then we have flU) and u(t) £ C{R; H 1 (R 2 )). By 
the variation of constants formula, 

v(t) = e tCo v Q - 6 / e {t ~ s)Co d x (ipv(s)) ds - 6 f e {t ' s)Co v(s)d x ; d{s) ds . 



Since ||e aa: {;(s) ^«(.s)| | L i < ||-D(s)||x||v(s)||ffi(R 2 ), we have «(*) e C([0,oo);X) by 
using (I3.6[) and (13.10)) in Lemma EH] Thus we complete the proof. □ 
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